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Abstract

Mildly explosive autoregressions have been extensively employed in recent theoret-
ical and applied econometric work to model the phenomenon of asset market bubbles.
An important issue in this context concerns the construction of confidence intervals
for the autoregressive parameter that represents the degree of explosiveness. Exist-
ing studies rely on intervals that are justified only under conditional homoskedastic-
ity /heteroskedasticity. This paper studies the problem of constructing asymptotically
valid confidence intervals in a mildly explosive autoregression where the innovations are
allowed to be unconditionally heteroskedastic. The assumed variance process is general
and can accommodate both deterministic and stochastic volatility specifications com-
monly adopted in the literature. Within this framework, we show that the standard
heteroskedasticity-autocorrelation consistent (HAC) estimate of the long-run variance
converges in distribution to a nonstandard random variable that depends on nuisance
parameters. Notwithstanding this result, the corresponding ¢-statistic is shown to still
possess a standard normal limit distribution. To improve the quality of inference in
small samples, we propose a dependent wild bootstrap-t procedure and establish its
asymptotic validity under relatively weak conditions. Monte Carlo simulations demon-
strate that our recommended approach performs favorably in finite samples relative
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to existing methods across a wide range of volatility specifications. Applications to
international stock price indices and US house prices illustrate the relevance of the
advocated method in practice.
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1 Introduction

Over the past decade, the mildly explosive autoregressive (MEA) framework has emerged as
a popular econometric device for modeling the phenomenon of asset market bubbles. The
framework has been extensively utilized to develop a multitude of procedures for detecting
and dating the origination and termination of bubbles as well as constructing asymptotically
valid confidence intervals for the size of the bubble. These methods equip policymakers
with a powerful set of econometric tools that can be employed to mitigate the potentially
adverse consequences of a bubble and thereby maintain economic and financial stability. The
techniques have been successfully applied to a variety of asset prices including stock prices,
house prices, cryptocurrencies, commodity prices, etc. For detailed reviews of this literature,
see, inter alia, Phillips and Shi (2020) and Skrobotov (2023).

Introduced by Phillips and Magdalinos (2005, 2007a), the MEA framework posits that
the autoregressive parameter which represents the degree of explosiveness (i.e., the size of
the bubble) evolves as a function of the sample size (T') according to pr = 1+ ¢/kp, ¢ >
0, kr — 00, kr/T — 0, as T — oo. The motivation for adopting this specification emanated
from the fact that modeling the parameter as fixed and independent of the sample size
(i.e., pr = p > 1) precludes the application of an invariance principle so that the limit
distribution of its least squares estimate depends on the underlying error distribution that
is typically unknown in practice (Anderson, 1959). Wang and Yu (2015) show that in the
fixed parameter autoregression of order one with an intercept, the standard ¢-statistic on the
autoregressive coefficient has a nonstandard limit distribution that depends on the initial
value of the stochastic process as well as the true values of the model parameters. On the
other hand, modeling the autoregressive coefficient as local-to-unity (pr = 14+¢/T) facilitates
the application of functional central limit theory and leads to a limit distribution that is not
reliant on the error distribution but depends on the local-to-unity parameter ¢ which cannot
be consistently estimated (Phillips, 1987). Phillips and Magdalinos (2007a) show that the
MEA framework permits the application of an invariance principle that induces a Cauchy
limit distribution for the least squares estimate without assuming Gaussian errors.

While the Cauchy limit was initially derived assuming independently and identically
distributed (i.i.d.) innovations, subsequent work has demonstrated the same limit distribu-
tion continues to hold under weak or strong dependence in the errors (Magdalinos, 2012),
anti-persistent errors (Lui et al., 2021), and conditional heteroskedasticity (Arvanitis and
Magdalinos, 2018). Fei (2018) and Liu and Peng (2019) show that the inclusion of a fixed



non-zero drift in the first order MEA model with i.i.d. errors leads to a standard normal limit
distribution for the t-statistic. Assuming weakly dependent and conditionally homoskedastic
innovations, Guo et al. (2019) show that the ¢-statistic based on a heteroskedasticity and au-
tocorrelation robust (HAR) estimate of the standard error follows a Student’s ¢ distribution
in large samples. They further establish the invariance of the limit distribution to a possi-
ble drift in the process, regardless of whether the drift dominates the explosive stochastic
component. Chan et al. (2012) develop an empirical likelihood-based confidence interval in
the first order autoregressive model with i.i.d. errors that is asymptotically valid for station-
ary, unit root, near-integrated and fixed parameter explosive processes thereby providing a
unified approach to inference.

While the aforementioned inference methods are justified under conditional heteroskedas-
ticity, they rule out the presence of unconditional heteroskedasticity. A plethora of empirical
studies, however, document that several macroeconomic and financial time series exhibit
time-varying unconditional volatility profiles. For example, Sensier and van Dijk (2004) find
that approximately 80% of 214 macroeconomic time series over the period 1959-99 were
subject to a break in unconditional volatility with the break date estimated at 1984 and
associated with a reduction in volatility for a large number of series (the so-called “Great
Moderation”). Harvey et al. (2016) reject the null hypothesis of stationary volatility in the
prices of two types of crude oil, three precious metals (gold, silver and platinum) and two
non-ferrous metals (aluminum and copper) using a battery of four tests developed in Cava-
liere and Taylor (2007b). Based on the rejection patterns of the tests, they conclude that a
single discrete break volatility model or a trending volatility model might be appropriate for
these series. Using the same set of tests, Astill et al. (2018) also find statistically significant
evidence against stationary volatility for three out of five major stock price indices: the
FTSE All Share index (UK), the Nasdaq Composite index (USA) and the Nikkei 225 index
(Japan). Kurozumi et al. (2023) use estimated variance profiles to document the presence
of time-varying volatility in the twelve largest cryptocurrencies by capitalization.

Motivated by these considerations, this paper studies the problem of constructing asymp-
totically valid confidence intervals in a mildly explosive autoregression with weakly dependent
innovations that are allowed to be unconditionally heteroskedastic. Our framework adopts
a general specification for the volatility process that can accommodate both deterministic
and stochastic volatility specifications commonly employed in the literature (see section 2).
Within this framework, we show that the standard heteroskedasticity-autocorrelation con-

sistent (HAC) estimate of the long-run variance converges in distribution to a nonstandard



random variable that depends on nuisance parameters. Notwithstanding this result, the
corresponding t-statistic is shown to still possess a standard normal limit distribution. To
improve the quality of inference in small samples, we propose a dependent wild bootstrap-
t procedure that can simultaneously account for time-varying unconditional volatility and
weak dependence in the errors. The large sample validity of the proposed approach is estab-
lished under relatively weak conditions. The theoretical analysis does, however, rule out the
possibility that the sign of the current shock affects future volatility, commonly referred to
as leverage. This is due to the fact that conditional on the data, the bootstrap innovations
are independent over time. Monte Carlo simulations demonstrate that our proposed ap-
proach performs favorably in finite samples relative to existing methods across a wide range
of volatility specifications. In particular, the dependent wild bootstrap confidence interval is
shown to be adept at maintaining coverage close to the nominal confidence level while con-
trolling average length both for data generating processes with and without leverage effects.
The relevance of the proposed method in practice is illustrated in two empirical applications
concerning international stock price indices and US house prices, respectively.

The bootstrap approach has been employed in prior work concerning inference in fixed
parameter explosive autoregressive processes. Basawa et al. (1989) establish the asymptotic
validity of the standard i.i.d. bootstrap in the first order autoregressive process with i.i.d.
errors. More recently, Cavaliere et al. (2020) develop bootstrap-based inference procedures
in non-causal autoregressions with heavy-tailed innovations. They show that the asymptotic
distribution of the least squares estimate in this framework is non-pivotal in that it depends
on the tail behavior of the innovations. To address this issue, three alternative choices for
the bootstrap are considered, namely, the wild bootstrap, the permutation bootstrap and
a permutation wild bootstrap. Sufficient conditions for the validity of each of these choices
in large samples are provided. In contrast, the goal of the present paper is to study the
properties of asymptotic and wild bootstrap procedures for conducting inference within the
MEA framework with weakly dependent errors and time-varying volatility.

Our paper is also closely related to a strand of the literature that studies stable and unit
root autoregressions under unconditional heteroskedasticity. Working in a stable autore-
gressive framework with deterministic volatility, Phillips and Xu (2006) develop inference
procedures based on a non-parametric kernel-based estimate of the variance function while
Xu and Phillips (2008) employ the estimated variance function to propose adaptive least
squares estimation of the autoregressive coefficients and demonstrate via simulations the ef-

ficiency gains achievable over ordinary least squares estimation. Goncalves and Kilian (2004)



propose a wild bootstrap approach to inference in stable autoregressions under conditional
heteroskedasticity of unknown form while Xu (2008) extends their work by showing that the
wild bootstrap remains valid under time-varying unconditional volatility. Xu (2008) also
studies the effects of allowing for deterministic and stochastic volatility on the consistency,
rate of convergence and limit distributions of the least squares estimates. The non-robustness
of standard unit root tests to unconditional heteroskedasticity was demonstrated, inter alia,
by Cavaliere (2005) and Cavaliere and Taylor (2007a), who show that the limit distributions
of these tests are non-pivotal and depend on the time-varying variance profile. Cavaliere
and Taylor (2007a) and Beare (2018) propose unit root tests that employ a non-parametric
estimate of the variance profile where the former uses critical values simulated from the limit
distribution while the latter is based on standard null asymptotic critical values. Cavaliere
and Taylor (2008, 2009) develop wild bootstrap tests of the unit root hypothesis and estab-
lish their asymptotic validity while Boswijk and Zu (2018) propose adaptive wild bootstrap
unit root tests based on non-parametric volatility estimation and show that they achieve
the same asymptotic power envelope as in the known volatility case. Harvey et al. (2016)
show that the recursive right-tailed unit root tests proposed by Phillips et al. (2011) for
detecting explosive behavior are not robust to nonstationary volatility and present a wild
bootstrap approach to inference that is effective at controlling size while retaining power
against locally explosive (as opposed to mildly explosive) alternatives. It is useful to note
that the use of the bootstrap in this strand of the literature is primarily motivated by the
non-pivotal nature of the limit distributions of standard test statistics that depend on the
unknown volatility process. In contrast, the dependent wild bootstrap adopted in the cur-
rent paper is motivated by its ability to provide a more reliable approximation to the finite
sample distribution of the standard HAC-based t-statistic than that afforded by its standard
normal limit distribution.

In a recent contribution, Phillips (2023) develops a unified approach to estimation and
inference in nonstationary time series with autoregressive roots near unity. His approach
allows both local and mild departures from unity and entails consistent estimation of a
localizing rate parameter that characterizes such departures. Confidence intervals for the rate
parameter facilitate classification of the process as local-to-unity, mildly integrated or mildly
explosive. This approach can be viewed as complementary to the approach that constructs
confidence intervals for the autoregressive parameter conditional on pretest evidence against
a unit root (e.g., Phillips et al. 2011; Phillips et al., 2015). The analysis in Phillips (2023),

while allowing for weak dependence in the errors, rules out unconditional heteroskedasticity



in the errors which is the primary focus of our paper. Extending the approach in Phillips
(2023) to allow for heteroskedasticity in the noise component is an interesting avenue for
future research but outside the scope of the present paper.

The rest of the paper is organized as follows. Section 2 lays out the modeling frame-
work and associated assumptions. Section 3 discusses methods for constructing asymptotic
confidence intervals for the autoregressive parameter. Section 4 proposes a dependent wild
bootstrap-t procedure for inference and develops its large sample properties. Section 5
presents a set of Monte Carlo experiments comparing the finite sample adequacy of the
different methods in terms of coverage and expected length for a variety of volatility specifi-
cations. Section 6 details an empirical application to illustrate the practical relevance of the
proposed approach. Section 7 concludes. The supplementary material includes four appen-
dices: Appendix A contains a set of technical lemmas required for the proofs of the main
results; Appendix B contains the proofs of the main results in Sections 3 and 4; Appendix C
contains additional Monte Carlo results; Appendix D contains an additional empirical appli-
cation to US house prices. As a matter of notation, = denotes convergence in probability,
2 denotes weak convergence, and £>p denotes weak convergence in probability under the

bootstrap measure.

2 The Model and Assumptions

Consider a scalar random variable y; generated by the following mildly autoregressive process

with possibly non-zero drift:

Yy = pr+pryeatu t=1,..,T (1)
pr = 14—, ¢>0 2)
kr
Uy = C(L)@t = chet,j, €t = Ot&. (3)
j=0

The data generating process (DGP) in (1)-(3) allows for weakly dependent errors mod-
eled via the polynomial C(.) and for conditional as well as unconditional heteroskedasticity
modeled through the volatility function o;. A special case of this DGP with o, = o V t, was
considered by Phillips and Magdalinos (2007b) and Guo et al. (2019). Specifically, our

analysis is based on the following assumptions:

Assumption 1: (a) kr =T7%, 0 < a < 1; (b) urvkr — v € [0,00] as T' — oc.



Assumption 2: (a) The lag polynomial satisfies C'(z) # 0 for all |z] < 1, C(1) € (0, 00)
and > 7% jlc;| < oo; (b) & ~ i.4.d.(0,1) with E(e 1) < Ky < oo for some ky > 0; (c)
for some strictly positive deterministic sequence {ar}, {0} satisfies a0 \x.r) = g(r), 7 €
[0, +00), fo r)?dr > 0 as., [[7g(r)’dr < oo as., g(1) > 0 as., and sup,E(a 'oy)* <
Ky < oo for some ko > 05 (d) oy is mdependent of g5 for any t and s; (e) the initial value

Yo is independent of {u;}~ ; and a,;} Yo = O(k';/Q)-

Assumption 3: The sequence {ar} satisfies ar o< T, where 7 is a constant with v € [0, c0).

Assumption 1(a) characterizes the mildly explosive framework developed by Phillips and
Magdalinos (2007a,b) whereby the explosive root approaches unity at a sufficiently slow rate
relative to the sample size.! Assumption 1(b) specifies the drift component yz following Guo
et al. (2019) and allows the drift to be small (v € [0,00)) or large (v = o0). Given that the
magnitude of the drift is typically unknown in practice, potential model misspecification can
be avoided by including a constant in the estimated regression.

Assumption 2(a) imposes conditions on the lag polynomial that ensures that the errors
u; are weakly dependent and admits a Beveridge-Nelson decomposition (see Phillips and
Solo, 1992). Assumption 2(b) specifies the innovations ¢; to be i.i.d. with bounded fourth
moments. While we adopt the i.i.d. assumption to simplify the theoretical analysis, we
expect that the results in the paper will continue to hold under the weaker condition that
{et, Fi} is a martingale difference sequence with respect to F; = o- field{es, s < t}, satisfying
(i) E(e?) = 1forall t; (i) T~ Y01, €2 & 1; and (iii) sup,E(e; ™) < K, < oo for some £, > 0.
Assumption 2(c) states that the appropriately scaled volatility process weakly converges to a
function g(.) that satisfies three conditions: (i) a lower bound condition ( fo r)2dr > 0 a.s.);
(i) square integrability ([;° g(r)?dr < oo a.s.); (iii) a positivity condition at one (g(1) >
0 a.s.). Condition (i) fac1htates the application of a central limit theorem to the partial sums
of the errors {u;}, conditional on {o;} [see Theorem 2(d) below]|. Conditions (ii) and (iii)
ensure the non-degeneracy of the random variables appearing in the limit distribution of the
autoregressive parameter estimate (see section 3.2). Conditions (i) and (ii) were also imposed
by Cavaliere and Taylor (2009) in their analysis of unit root tests under heteroskedasticity
(see their Assumption 2). Assumption 2(c) allows for a wide class of volatility processes

including a variety of deterministic and non-deterministic specifications for {o,;} commonly

'While the formulation in Phillips and Magdalinos (2007a) only requires k7 — oo, k7/T — 0, Assumption
1(a) has been adopted in several studies (see, e.g., Phillips and Magdalinos, 2007b; Magdalinos, 2012;
Arvanitis and Magdalinos, 2018).



employed in the literature. In the deterministic case, the assumption allows single and
multiple volatility shifts, linearly and polynomially trending volatility (with an appropriate
choice of ar), and smooth transition breaks. In the non-deterministic case, the class of
volatility processes allowed includes non-stationary autoregressive stochastic volatility (SV)
models (Hansen, 1995), SV models with jumps (Georgiev, 2008), non-stationary nonlinear
heteroskedastic models with stochastically trending volatility, and near-integrated GARCH
models.(see Cavaliere and Taylor, 2009, for a detailed discussion of the class of volatility
processes permissible under this assumption). Assumption 2(d) precludes the possibility
that the sign of the current shock affects future volatilities, often referred to as leverage.
This assumption is needed to ensure the asymptotic validity of the proposed dependent wild
bootstrap approach since the wild bootstrap innovations cannot replicate any leverage effects
that may be present in the original data. Nevertheless, we examine the sensitivity of the
various methods to the failure of this assumption via simulations in Section 5. Assumption
2(e) guarantees the invariance of the limit theory to the initial condition. Defining G, 1 = o-
field{osi1,65,58 < t — 1}, we have 0?2 = Var(y;|G;_1), i.e., the conditional variance of the
time series y; is represented by the process o?.

The specification for ar adopted in Assumption 3 nests all of the volatility models in
the examples considered by Cavaliere and Taylor (2009). Specifically, when v = 0 and
ar = 1, it incorporates the models in their examples 1-4 and when « > 0, it incorporates
the models in their examples 5 and 6. Without loss of generality, we henceforth directly set
ar = T7 instead of apr = ¢¥T7, 1 > 0, since ¥ is not identified but could be absorbed into
the unknown volatility function g(-). As will be seen in the subsequent analysis, ar will have
a non-negligible effect on the asymptotic theory, a feature also observed by Xu (2008) in the

context of stationary autoregressive models with nonstationary volatility.

Remark 1 While the errors {u:} are weakly dependent (or short memory) in our frame-
work, our assumptions allow {0y} to be a stationary long memory process. To see this, note
that regardless of whether {o.} is short memory or stationary long memory, the indepen-
dence of {o+} and {e;} [Assumption 2(d)] ensures that {e;} is serially uncorrelated, i.e.,
Cov(eg,es) # 0 for all t # s. Consequently, as long as the process {a,;Tlat} has uniformly
bounded second moments [as ensured by Assumption 2(c)], the memory structure of {u;} is

entirely determined by the conditions imposed on the lag polynomial C(.) in Assumption 2(a).

Remark 2 Assumption 3 allows ap to diverge with T when ~v > 0. This possibility opens

up an interesting connection between the properties of the process {u;} in our framework
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and those of a stationary long memory process (i.e., uy ~ I1(d) such that Ay ~ 1(0), with
0 < d < 0.5). Specifically, in our framework, the partial sums satisfy Z,[iq] up = O, (T71/2)
whereas if ug ~ I(d), Eﬂl} uy = O, (T2 [see, e.g., Davidson and De Jong (2000)]. Thus,
if d =y, the two processes possess the same signal strength. The difference arises in their
limit distributions: in our framework (see Theorem 2 below), [vur]™2a; T2y, &
B(r), where vur = Var(ap'T—/? ZEZ] u) and B(.) denotes a standard Brownian motion
on [0,1]; if us ~ I1(d), [vur) Y 2a;' T~1/? Zgﬁ uy — By(r), where By(.) denotes a fractional
Brownian motion on [0,1]. A potentially interesting extension of our framework would be to
explicitly allow for long memory in {u;} via appropriate conditions on C(.) as in Magdalinos
(2012). The exploration of this extension is left for future research. We thank an anonymous

referee for his/her suggestion to include this discussion.

3 Asymptotic Confidence Intervals

The objective of the paper is to analyze the properties of alternative methods for constructing
confidence intervals for the autoregressive parameter pr in (1) in the potential presence
of unconditional heteroskedasticity of the form specified in Assumption 2. This section
first discusses existing methods based on an asymptotic approximation to the sampling
distribution of the least squares estimate of pr or the corresponding t-statistic under the
assumption that the innovations are unconditionally homoskedastic, i.e., E(e?) = o2 for all
t. Subsequently, we consider the standard t¢-statistic based on the usual heteroskedasticity
and autocorrelation-consistent (HAC) estimate of the long-run variance of u; (e.g., Andrews,
1991). We show that despite the nonstandard nature of the limit distribution of the HAC
estimate, the t-statistic is still asymptotically standard normal. In what follows, we denote
2zt = (1,y;-1)" and 1o = (0,1)".

3.1 Existing Inference Methods

Phillips and Magdalinos (2007a) considered a version of (1)-(3) with no drift under the
assumption that the errors w; are i.i.d. and square integrable. They establish that the

following limit theory holds as T" — oco:

T
(pr — pr) = C and pzpi L (1 = pr) = C, (4)
T

where pr = (327,42 ,) " (O, %i-1y:) denotes the least squares estimate and C denotes

a standard Cauchy random variable. It follows that a 100(1 — §)% confidence interval for
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pr can be constructed as

_ A1
(pT + pTAT C(S) ) (5)
Pr

where Cy is the two-tailed ¢ percentile critical value of the standard Cauchy distribution. For

instance, a 95% confidence interval will use the critical value Cy g5 = 12.7 compared to the
corresponding Gaussian critical value of 1.96. We will refer to (5) as the PM interval.

Phillips and Magdalinos (2007b) showed that (4) remains valid even when the errors u; are
weakly dependent and satisfy Assumption 1(a) while imposing conditional homoskedasticity
by assuming e; ~ i.i.d.(0, 0?). Magdalinos (2012) extended the validity of (4) to include error
processes that can be strongly dependent (i.e., exhibiting long memory) thereby demonstrat-
ing the robustness of the interval (5) to a general dependence structure in the innovation
sequence. More recently, Arvanitis and Magdalinos (2018) established that the Cauchy limit
theory is also invariant to a wide class of stationary conditionally heteroskedastic error pro-
cesses with weak or strong dependence.?

Based on the limit result (4), Guo et al. (2019) show that under the assumption that
the errors u; are i.i.d., the OLS t-statistic that does not correct for heteroskedasticity or
autocorrelation has a standard normal limiting distribution. In the no drift case (ur = 0),

this t-statistic is given by
pT — P

tpv = =
T
\/”g% (Zt:l yt{l)

where 32 = (T—1)"" 27, (vs — pryi_1)?. When the estimated regression includes a constant,
Guo et al. (2019) establish, under Assumptions 1 and 2(e), that

% N(0,1),

pT — pr

tmMED = -
22,/ ZT /

-1
where (i, pr)’ = (Zthl thé) EtT:l 2y, and 87 = (T —2)7! ZtT:l(Z/t — fir — pryj—1).
In the case of weakly dependent errors u; given by (3) where ¢; ~ 4.i.d.(0, 0?) with finite

= N(0,1),

fourth moments and C(.) satisfies Assumption 2(a), Guo et al. (2019) develop an inference

2Lee (2018) considers a framework in which u; is assumed to be strong mixing with exponentially decaying
coefficients and finite fourth moments. In contrast, Arvanitis and Magdalinos (2018) does not require strong
mixing and instead relies on a Li-mixingale condition on e; which does not place restrictions on the moments
of u; higher than order 2.
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procedure based on an orthonormal series long-run variance estimator that accounts for the

dependence structure. Specifically, they propose the t-statistic

pr — pr
(6)

)

1

A2 (ST 2zl
K™2 t=1~t~t 2

where A% is the estimate of the long-run variance of u; constructed from the estimated

tmMeED =

residuals @ =y — fir — prys—1 as
K T
. 1 1 t
== =3 :asj(—)at
K j=1 T4 T

In (7), K is an even constant and ¢;(z) = v/2sin(27mjx) and ¢; 1 (7) = v/2cos(2mjz) are
the Fourier basis functions. Guo et al. (2019) show that under the fixed-K asymptotics

(7)

where T" — oo for a given K, tMED — ti, where tx is the Student’s ¢ distribution with

K degrees of freedom.?

The choice of K is data-dependent and based on the asymptotic
mean squared error criterion implemented using the AR(1) plug-in procedure. This value of
K is then rounded to the closest even number between 4 and 7' (see Phillips, 2005).

All of the aforementioned confidence intervals are predicated upon the assumption of
unconditionally homoskedastic innovations. In Section 5, we will examine their finite sample
performance for data generating processes that fail this assumption via simulations. These
simulation results would allow us to assess the degree to which these methods are sensitive

to the underlying homoskedasticity assumption.

3.2 HAC-Based Inference

We now consider an asymptotic approach to inference that, in contrast to the extant methods
described in Section 3.1, remains valid even in the presence of unconditional heteroskdastic-
ity of the form allowable under Assumption 2. Our approach is simply based on the standard
t-statistic that employs an HAC estimate of the standard errors to account for heteroskedas-

ticity and autocorrelation (e.g., Newey and West, 1987; Andrews, 1991). In order to deﬁne

this statistic, we introduce the following notation. Let jj = 71 Zle Yi, Y1 = Zt o Uts
u= T_lthzluta Y1 = Y1 — Y—1, Uy = uy — U for t =1,--- ;T and
T— X A T—|jl
Z G/onTG), TG =T da @y e, (8)
—(T— t=1

3Under joint asymptotics where K — oo as T — oo with K/T — 0, tMED — N(0,1).
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with 4, the residuals defined as in (7), w(:) is a kernel function and by is the bandwidth.
The conditions on w(-) and by will be specified later. Then, letting Qp = T-' S0, 42 |,
and A = Tle;QQ, the HAC-based t-statistic can be expressed as

pr — pr 9)

thae := <1
2

We will now establish that under Assumptions 1 and 2 accompanied by suitable conditions
on w(-) and br, the statistic t5,. has a standard normal limit distribution. To this end, we

first decompose y; in (1) into two parts, i.e., y, = d; + pr(ph — 1)kr/c, where d; follows
dy = prdi—1 +uy,  do = yo. (10)

Now d; is a mildly explosive process without drift while ur(p% — 1)kr/c is a deterministic
nonlinear trend component when pr # 0. The following result derives the limits of two
random quantities which will be useful in the subsequent analysis, where M N(0,V,) and
MN(0,V,) denote mixed Gaussian random variables with mixing variates V, and V,,, respec-

tively.

Theorem 1 Denote Xp := a;lk;m ST p;(T_t)_lut, Yr = a,:le;ﬂ ST prtus. Under
Assumptions 1-2, [ X7, Yr] = [X,Y], where X and Y are independent random variables such
that X ~ MN(0,V,), Y ~ MN(0,V,) with V, = C12a0° "y 1)2 [ =2 g(r)2dr.

Remark 3 In the conditionally homoskedastic case where g(r) = o,Vr € [0, —|—oo) Theorem

1 degenerates to the results in Phillips and Magdalinos (2007a), as V, =V, = 2)02 o’

Next, we obtain the limit distribution of the least squares estimate pr of pr in (1). Note
that

T _ T
pr — pr = Zt:l(yt—l —y—l)ut _ Zt 1 YUy — T Zt 1 Y- 121: 1ut (11)

Zthl(ytfl —J-1)? Zt W Yia — T (Zt 1 Ye1)?

The following theorem presents the limits of the sample statistics appearing in (11):

Theorem 2 Under Assumptions 1-3, defining 1/oo = 0, we have the following joint con-

13



vergence results:

T 2
w, cv? > 0
() (afpphipd) 'Y wia g | 2 :
t=1 2—6(; + E) Y=
T Y
w o vy > 0
(0) (arppirkzpr)™ D yer = (e ) (12)
t=1 Ayt 7=
XY
w = v > 0
(c) (akTGTMTkT PT - E Ye—1Up — ;
- X(T+3) v=0

T 1
(d) ap*T='/? Zut S U~ MN(0,02), o= 0(1)2/ g(r)?dr,
t=1 0

U is independent of X and Y.

Now, using the results of Theorem 2, it follows that

T T T
(akTaT/vLTk;/Qp%:)_l <Z Yp_quy — T Z Yt—1 Z ut)
t=1 t=1 t=1

T T T
= (agparprky o)™ Zymut — T2kl pr ko) Y s X ap' T2
= t=1

1/2y w Y 1
(acsarprkl? o) Zyt = O S X [T =0) )
T T
(aiT,uTk:%p%T (ny 1= 1(2%1)2)
t=1
T T
= (aiTuTk%p?rT Zyt 1 — T ke [(an, prkip7) 12%71]2
t=1 =
1 [y 1 2
— (@ e Zyu 0,17 5 5 [T 4116 =0] . a9

We thus have the asymptotic distribution of pr as stated in the following corollary:

Corollary 1 Under Assumptions 1-3,

(15)

_ 3/2 ~
az a, ki ph(pr — pr) 5 5
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Remark 4 In the special case v = oo, the limit distribution in (15) reduces to 22X, which
implies pr is asymptotically mized normal. A similar result assuming o, = o in (3) was
obtained in Guo et al. (2019) where X reduces to a N(0,C(1)*¢%/2¢) random variable. In
the more general case where the volatility structure follows Assumption 2, the mizring variate

V. takes a more complex form that depends on the unknown function g(-).

In order to obtain the limit distribution of fir, we make the following additional assump-

tion that restricts the rate at which volatility grows with the sample size:
Assumption 3’: v < 1/2.

The upper bound on the rate of growth of ar specified in Assumption 3’ ensures the
consistency of the intercept estimate fi7. Interestingly, this upper bound condition coincides
with that in Xu (2008) to ensure the consistency of the intercept estimate in the stationary

autoregressive framework. To obtain the distribution of jiz, observe that
T T
ap T (i — pr) = ag' TV (T_l Z u— T Z Ye1(Pr — PT))
t=1 t=1
T T
PN _1/2,.1/2 _ _ 3/2 T,
= ap' T2 uy = T2 X (g ek p1) ™Y yees % azanpirk ok (pr — pr)
t=1 t=1
T
= ap' T2 uy — 0T 21*) B U. (16)
t=1

We can thus state the following corollary:
Corollary 2 Under Assumptions 1-2 and 3’,
ap' T (jir — pr) = U. (17)
We now establish a result that applies when v = 0, i.e., the no drift case:

Theorem 3 Under Assumptions 1-3, with v = 0, we have the following joint convergence
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results:

T
- w 1
(@) (0}, 23 S0y S oY
t=1
d 1
() (ar ki o)™ Y s 5 Y (18)
t=1
T
(¢) (apparkrpr)™ Z YUy — XY
t=1

T 1
(d) ap‘T /2 Zut B U~MN(0,6%), o= 0(1)2/ g(r)?dr,
t=1 0

U is independent of X and Y.
The following corollary states the limit distribution of the OLS estimator when v = 0:

Corollary 3 Under Assumptions 1-3, with v = 0, we have

_ R w 2cX
az' arpkrpr(pr — pr) = v

Remark 5 In the stationary autoregressive framework analyzed by Xu (2008), the limit dis-
tribution of the autoregressive estimates does not depend on the volatility scale ar while the
limit distribution of the estimate of the deterministic component depends on ar. In the
present context, the limit distribution of both pr and i depend on the volatility scale. More-
over, when the deterministic component is large enough, the limit distribution of pr depends

on the magnitude of the deterministic component as well (Corollary 1).

Remark 6 The limit distribution of pr under either v > 0 or v = 0 does not require
Assumption 3', i.e., the rate of growth of volatility need not be restricted to be slower than
O(T1/2). Intuitively, the signal from the explosive component is strong enough that the
consistency and limit distribution of pr remain unaltered by the growth rate of wvolatility

i the noise component.

Remark 7 The limit distribution of pr is non-pivotal regardless of the magnitude of the drift
as it depends on the unknown volatility process g(-). In particular, the standard inferential
result (4) based on the Cauchy distribution as derived in Phillips and Magdalinos (2007a,
2007b) is no longer valid in the current context and thus the PM interval (5) does not have
asymptotically correct coverage. The finite sample implications of this result are investigated

via stmulations in Section 5.
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The final step in establishing the limit distribution of the ¢-statistic (9) entails obtaining
the limit of the HAC estimator { defined in (8). We make the following assumption that
governs the behavior of the weight function w(-) and the bandwidth by

Assumption 4: (i) The function w(-) is a continuous and even function with |w(-)] <
1, w(0) =1 and [~ w?(z) < oo; (ii) The bandwidth satisfies by.' + k' by — 0 as T — .

The following Lemma states a key result instrumental in deriving the asymptotic distri-

bution of the long-run variance estimator Q:

T—|jl

Lemma 1 Define ®r(j) = a’k;' Y pf(T*t)Hj'dututHj‘. Under Assumptions 1-4, as
t=1
T-1
T — oo, the following result holds: Y. w(j/bp)®r(j) = V.
Jj=—(T-1)

We can then state the following result regarding the limit behavior of Q:

Theorem 4 Under Assumptions 1-4, as T — 00,

gy w o [V ’

T(ap,arprks>ph) 20 5 v, {; +-1(y = 0)} . (19)
Remark 8 The limit on 1s non-standard and depends on nuisance parameters. In partic-
ular, the limit involves the volatility function g(-), the localizing parameter ¢, and the drift

magnitude v.

Remark 9 The condition Z)T/k;/2 — 0 is stronger than the condition bp/T'? — 0 typically
adopted to establish the consistency of the long-run variance estimator in the standard sta-
tionary framework (e.g., Jansson, 2002). This condition in turn restricts the allowable set
of mildly explosive neighborhoods if a data dependent rule is used to select the bandwidth as
in Andrews (1991). For instance, Andrews (1991) shows that using the Quadratic Spectral
kernel yields an estimated bandwidth of order Op(Tl/ 5) which, by Assumption 4, rules out
neighborhoods in which kr = O(T2/5). However, as noted by an anonymous referee, it is
plausible that this condition is not necessary - intuitively, when kr = O(1), the signal of
y: becomes stronger relative to kr = O(T*) so that Theorem 4 can be expected to hold even
though the condition bT/k;/2 — 0 is obviously not satisfied. While relaxing this condition can
potentially be pursued by invoking uniformity results as in Andrews et al. (2020), we believe
a separate, detailed treatment of this issue is required and thus leave it as a possible avenue

for future research.
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Remark 10 The analysis in Phillips (2023) can be used to provide guidance on the range
of permissible bandwidths in practice. Allowing for weakly dependent errors, Phillips (2023)
develops a consistent estimator G of « in the MEA framework with ky = T (see his
Theorem 3.1). The bandwidth condition br/ k}/ > 0 can then be ensured by requiring that
by = hT¥ with o chosen such that ¢ < Gr/2. Since T*~%/? — 0 if and only if T¥~47/2 —
0, this provides an upper bound on the permissible bandwidth rate. While the framework
adopted by Phillips (2023) assumes a homoskedastic error structure, we conjecture that his
consistency result for ap will continue to hold in the heteroskedastic framework considered
in our article. We are grateful to an anonymous referee for his/her suggestion to include

this discussion.

Using the preceding results, it is straightforward to show that

1 3/2 T\2 A 3/2 T

agprky pp)’ N = TN ag" ap ks 1) Q70
— -2 _9A
= [T(a,3H303T) ' Qr) " | T(arparpirkil pf) 2]

R ) b

42V,

(ar

T ean-of (2(”
Combining the limit (20) with the limit distribution of pr in (15), we finally have
o= PT — ot (ag ar, ey p1) (pr — plT)
. [(a%lakTuTki/ 2/)%)2]\] 5
w 2X/GHAG=0) X N(0,1). (21)

[402‘/95/(% + %1(7 = 0))2}% Va

The standard normal limit of ¢,,. is formalized in the following theorem:
Theorem 5 Under Assumptions 1-4, as T — 00, we have tpe. — N(0,1).

Remark 11 A piwotal limit of tpe. is attained since the limit of the standard error esti-
mate, though nuisance parameter-dependent, is proportional to the same random wvariable
that appears in the limit distribution of the least squares estimate pr. The cancellation of the
non-pivotal terms in the numerator and denominator of the t-statistic effectuates a pivotal

limaiting distribution.
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Remark 12 We only require Assumption 3 instead of Assumption 3’ to derive the limit of
thae and thus conduct inference on pr. For inference on the intercept, however, Assumption
3" would be needed as in Xu (2008).

4 Dependent Wild Bootstrap

The previous section established the large sample validity of the HAC-based t-statistic in
the potential presence of nonstationary volatility as well as weak dependence in the noise
component within the MEA framework. In small samples, however, the performance of HAC-
based asymptotic confidence intervals may be less than satisfactory as illustrated via Monte
Carlo simulations in Section 5. In response to this possibility, we propose an alternative,
bootstrap-based approximation to the finite sample distribution of the ¢-statistic that can
improve upon the asymptotic approximation provided by the standard normal distribution.
In particular, as the ensuing Monte Carlo comparison demonstrates, the bootstrap-based
interval is shown to achieve improved coverage while controlling average length, relative to
existing asymptotic methods as well as the asymptotic interval (9) based on tjqe.

The bootstrap procedure we adopt is the so-called dependent wild bootstrap (DWB,
henceforth), introduced by Shao (2010). The DWB is designed to simultaneously capture
unconditional heteroskedasticity and potential temporal dependence in the errors, and thus
is a natural extension of the wild bootstrap developed by Wu (1986) and Liu (1988) for
serially uncorrelated errors. While originally proposed for stationary time series by Shao
(2010), several recent studies have investigated its applicability in the nonstationary time
series setup. For instance, Smeekes and Urbain (2014) study several modified wild bootstrap
methods, including the DWB, in a multivariate framework and prove its asymptotic validity
in testing for unit roots. Rho and Shao (2019) propose the DWB in the unit root testing
context with piecewise locally stationary errors and provide justification for its consistency.
Our paper contributes to the DWB literature by further extending its validity to the MEA
framework allowing for general and flexible forms of variance and dependence structures in
the errors.

The DWB is based on generating a series of random variables {n;}/_; that are indepen-

4Weak dependence in the errors can be alternatively captured using a block bootstrap based approach
(e.g., Carlstein, 1986; Kunsch, 1989) or a sieve bootstrap approach (Bithlmann, 1997). Therefore, apart from
the DWB analyzed in this paper, heteroskedasticity-robust versions of certain block and sieve bootstrap
methods may also be viable in the present context. A comparison of alternative bootstrap approaches
within the MEA framework allowing for unconditionally heteroskedastic and weakly dependent errors is a
potentially interesting topic for future research.
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dent of the data in order to capture the heteroskedasticity in the errors. In the original
wild bootstrap (Liu, 1988), the {n;}_, are independent while in the DWB, the {n;}., are
correlated to accommodate temporal dependence in the errors. Specifically, we make the

following assumption on {n,}7_; (Shao, 2010):

Assumption 5: The series {n;}]_, is drawn independently of the data such that E(n;) =

0, Var(n) = 1, Cov(ns,n:) = K(Sl—;t)7 where K: R — [0,1] is a symmetric kernel function

that satisfies K(0) = 1, K(z) = 0 for x > 1, lim, o[l — K(z)]/|z|? # 0 for some ¢ € (0, 2],
and ffooo K(u)e ™*dy > 0 for z € R. The quantity I is a bandwidth parameter satisfying
Ir = O(T9), 0 < g < 1/3. Assume 7 is Ip-dependent and E(n!) < oo.

In practice, the series {n;}_, can be obtained by drawing samples from a multivariate

s—t
lr

kernels popular in practice such as the Bartlett kernel (with ¢ = 1) and the Parzen and

normal distribution with zero mean and covariance function Cov(ns,n;) = K(5=%).5 Several
Tukey-Hanning kernels (with ¢ = 2) satisfy Assumption 5. Alternative choices for the
bandwidth will be explored via simulations in Section 5. In addition to the restriction on the
bandwidth [r as specified in Assumption 5, our theoretical analysis is based on the following

additional assumption which is akin to Assumption 4 in the preceding section:
Assumption 6: The bandwidth [ satisfies k:;l/QlT —0asT — oco.

With the OLS residuals u; = y; — fir — pry:—1 at hand, the DWB residuals are simply
constructed as u; = n0;. To analyze the properties of the bootstrap samples, we first derive
the following invariance principle for {u;} which parallels that derived in Theorem 1 for the

original errors {u;}:

Theorem 6 Under Assumptions 1-6, as T — oo,
T
Xii=ap'ky 2> pr Ty By, X~ N(O, VL),
t=1
T
V7= agtkn 2D bl 5, Y~ N(0,V). (22)
t=1
This theorem reveals that the DWB is able to mimic the unknown heteroskedasticity

and temporal dependence in the errors within the MEA framework, thereby generalizing the

set of time series to which the procedure is applicable. However, it is not fully transferable

5As illustrated in Example 4.1 of Shao (2010), {n;}7_; can be also be generated from a non-normal
distribution.
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from the stationary/unit root case since the additional Assumption 6 plays a crucial role in
ensuring its validity (see Appendix B for details).

We now discuss how to apply the DWB in constructing a bootstrap-based confidence
interval for the autoregressive parameter pr. The following algorithm enumerates the steps

involved in implementation of the DWB.

Residual-based DWB Algorithm

1. Generate T bootstrap innovations 7, t = 1,...,T from a multivariate normal distri-

bution with zero mean and covariance function Cov(ns,m;) = K (Sl—;t), and construct
the DWB residuals u} = nu;, where u; = v — fir — prye—1, t = 1,...,T are the OLS

regression residuals.
2. Construct the bootstrap samples {y;, t = 1,...,T'}, recursively as
yl = fir + pry;_, +up, t=1,...,T, (23)
with y§ = vo.

3. Calculate the tp,. statistic defined in (9) for the bootstrap data as t5 .. = (o7 —
pAT)//A\*%, where p7. is the bootstrap OLS estimate and A* is the bootstrap analogue of
A computed from the estimated bootstrap residuals @ = y — ji- — phyr_,. Specifically,
A= T71Qp 0, where Qp =T Xy 41, iy = via — 050 00 = T X0y v
and 2* is computed as in (8),

. 75|
Q= > wl/RTG), ) =TT Y Gy (24)
j=—(T-1) =

4. Repeat steps (1)-(3) B times to approximate the the distribution of the original statistic
thac- Obtain the §/2 and (1 — §/2) quantiles from the empirical distribution of 3 .,

denoted t5, and t]_; ,, respectively. Construct the equal-tailed 100(1 — 6)% bootstrap

confidence interval as
A ALk ~ N
(PT — A2ty 5)5, pr — A2t5/2) : (25)
Remark 13 The bandwidth parameter b} in step 3 is determined in a data dependent way
as by in the original statistic (9), albeit based on the bootstrap data {y;}. It should be noted
that using the same by as in the original statistic for all bootstrap replications is also a valid

procedure. Nevertheless, the results were found to be qualitatively similar in simulations to

those reported and are available upon request.
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Finally, the asymptotic validity of the residual-based DWB is formally established in the

following theorem:

Theorem 7 Under Assumptions 1-2, 3', 4-6, as T — o0,

* /3* — ﬁT
hphac =~ — —p N(0,1), (26)
A*2
Theorem 7 demonstrates that the residual-based DWB is consistent, i.e., the bootstrap t-
statistic has the same first-order limiting distribution as the original test statistic tj4.. Thus,
the bootstrap statistic achieves (asymptotically) correct size and the associated bootstrap

confidence interval (25) achieves (asymptotically) correct coverage.

Remark 14 The validity of the bootstrap algorithm as stated in Theorem 7 requires the
stronger Assumption 3’ instead of Assumption 3 that was sufficient to derive the limit distri-
bution of pr (Corollaries 1 and 3). The reason is that in constructing the bootstrap samples,
we utilize the estimated deterministic component i whose consistency requires Assumption
3" (Corollary 2).

5 Monte Carlo Simulations

This section conducts a set of Monte Carlo experiments designed to assess the finite sample
adequacy of the asymptotic approximations developed in the preceding section as well as
provide a numerical comparison of the proposed approach with existing approaches. In
particular, we evaluate the relative efficacy of the different procedures via the coverage rates
and average effective length (i.e., length conditional on covering the true parameter value)
of the resulting confidence intervals. The simulation design is similar to Guo et al. (2019).

The data generating process (DGP) is given by

Y = pr+pryi—r +u, t=1,...T;

pr = 1+%, c =05, ac {0.5,0.8}.

Two specifications for the drift are considered: (i) ur = 0; (ii) ur = T~°/*. For the noise
component u;, we consider the case with no serial correlation (u; = e;) as well as cases with

the following autoregressive (AR) and moving average (MA) structures:

u = Puy + /1 — Py
U = V 1— 62615 + eet—l.
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The time series for e; is generated based on the following specifications that include ho-
moskedastic, conditionally heteroskedastic and unconditionally heteroskedastic cases with

g, K N(0,1) throughout:

e DGP-0 [constant volatility]: e; = oey, 0y = 1.

e DGP-1 [single volatility shift]: e, = oyey, 0y = 1(t < 1 T)+01(t > T), 1 =0.5, 0 =
1/3.

e DGP-2 [double volatility shift]: e; = oye;, 0 = 1(t <7 T)+ol(nT <t < 7T)+1(t >
7T), (11,7) = (0.3,0.7), 0 = 3.

e DGP-3 [trending volatility]: e; = o4&y, 0y = 1+ 5t/T.
o DGP-4 [GARCH]: ¢; = Vs, he = Bo+ Birhe—1+Bae? 1, (Bo, B, Ba) = (0.01,0.9,0.09).

e DGP-5,6 [Stochastic Volatility]: e; = vy exp %( + Fihe)), he = (1 —c1/T)hy—1 +

et, ho =0, (vg,€¢) ES N(0,%,0), Xpe = We set wy =0, w; =5, and ¢; = 0.

DGP-5 and DGP-6 correspond to the cases with d w = —0.5, respectively.

DGP-0 is the base case with constant volatility. DGP-1 and DGP-2 exhibit discrete
jumps in volatility while DGP-3 is a case of trending volatility.® DGP-4 follows a GARCH
specification adopted from Goncalves and Kilian (2004) which is in turn based on Engle and
Ng (1993)." The stochastic volatility specification for DGP-5,6 is borrowed from Cavaliere
and Taylor (2009). DGP-5 represents a case with no leverage while DGP-6 allows for leverage
via a non-zero correlation between the shocks v; and ;.8 Note that DGP-6 is ruled out by
Assumption 2 so that the results for this case serve as a check on the robustness of the

various methods to the violation of this assumption.

6The results for DGP-1 with o = 3 (not reported) are qualitatively similar to those with o = 1/3 while
the results for DGP-2 with o = 1/3 (not reported) are qualitatively similar to those with o = 3. The full
set of results is available upon request.

"Engle and Ng (1993, p.1760) consider two different configurations of parameter values: (i) “medium
persistence”- (8o, A1, f2) = (0.05,0.9,0.05) (ii) “high persistence”’- (8o, 51, 82) = (0.01,0.9,0.09). We only
present results for (ii) since the results for (i) have a similar overall pattern. The latter set of results is
available upon request.

8Cavaliere and Taylor (2009) also considered other parameter values, namely, ¢; € {10,20} and w; =
10. For brevity, we do not present these results given that the results reported are fairly representative of
these cases.
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Three alternative values for the sample size are considered: T € {50,100,200}. The
nominal level of the confidence intervals is set at 95%. The results for o« = 0.5 are reported
in the main text while those for & = 0.8 are presented in Appendix C. Except for the PM
interval, the estimated regression always includes a constant regardless of whether the true
drift is zero or not. All experiments are based on 10,000 Monte Carlo replications and 399
bootstrap replications.

Seven alternative methods for the construction of confidence intervals for pr are consid-
ered. These include (i) the HAC-based interval based on the statistic (9), denoted “tpq.”; (ii)
the Phillips and Magdalinos (2007a) interval (5), denoted “PM”:? (iii): the Guo et al. (2019)
interval based on the t-statistic (6), denoted “GSW”; (iv)-(vi): the dependent wild bootstrap
with bandwidth [, denoted DWB,, [ € {3,5,10}; (vii) the dependent wild bootstrap with
bandwidth chosen according to the deterministic rule [ = |4.5(7°/100)"/*], denoted DWB,.
This rule yields bandwidths of 3,4,5 for T' = 50, T" = 100, T" = 200, respectively. Rho and
Shao (2019) propose an alternative rule in the context of unit root testing: [ = |6(77/100)"/*].
In our simulations, we found this rule to generate bandwidths that are too large to deliver
confidence intervals with adequate coverage. The Quadratic Spectral kernel is used to con-
struct the HAC long-run variance estimate and, following Andrews (1991), a data dependent
bandwidth rule based on an AR(1) approximating model for each element of the vector z; 4, is
used (see equation (6.4) of Andrews, 1991). To improve finite sample performance, we employ
prewhitening as suggested by Andrews and Monahan (1992) based on a VAR(1) model for
210 The Bartlett kernel is adopted as the kernel function for implementing the dependent
wild bootstrap procedure.

Table 1 presents the empirical coverage rates of the different methods for the case without
drift (ur = 0). Panels A,B,C report the results with serially uncorrelated errors, AR errors
with ¢ = 0.5, and MA errors with 6 = 0.5, respectively. Consider first the coverage rates
based on tp... With serially uncorrelated errors, the coverage rates of 5, are liberal (i.e.,
less than the nominal level) regardless of whether the errors are heteroskedastic with the
degree of undercoverage being especially severe when the sample size is small. For instance,

when T' = 50, the maximum coverage across all DGPs is only 85% while coverage is below

9The results for the PM interval are conditioned on those realizations for which p7 > 1 and increasing the
number of Monte Carlo replications till 10,000 estimates satsifying this condition were obtained. Without
conditioning, the method often yields poor (liberal) coverage rates, especially when pr is close to (but greater
than) unity (e.g., when o = 0.8).

10We found the prewhitened HAC estimator to deliver considerably more accurate coverage rates relative
to its non-prewhitened counterpart. The asymptotic results derived in Sections 3 and 4, however, remain
valid for the pre-whitened estimator as well.
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80% for five out of the seven DGPs considered, including the constant volatility case. The
overall pattern of results with AR errors is similar to that in the serially uncorrelated case
although the liberal nature of the confidence intervals is somewhat mitigated in the former
case relative to the latter when T" = 50. When errors are of the MA type, the performance
of tpae is considerably improved relative to the other two error structures with coverage
exceeding 90% for six of the seven DGPs as long as T" > 100. The tj,. intervals in the MA
case are notably conservative in the presence of a single volatility shift (DGP-1).

Turning to the PM interval, we find that with constant volatility, its coverage can be
quite conservative (> 98%) when 7" < 100 regardless of the serial correlation structure but
moves closer to the nominal level when 7" = 200. This is not surprising given that the
interval is (asymptotically) justified in this case. When the errors are heteroskedastic, the
performance of PM depends crucially on the specific form of heteroskedasticity. For DGP-
1 and DGP-2 which are characterized by discrete volatility shifts, the interval continues
to be conservative with discernible improvement in coverage observed only for DGP-2 as
the sample size increases. In contrast, in the trending volatility case (DGP-3), coverage is
at most 82% across the three different error structures when 7' = 200. In fact, coverage
declines by at least nine percentage points as the sample size increases from 7' = 100 to
T = 200, suggesting the inadequacy of the asymptotic approximation on which the PM
interval is based. A deterioration in performance as the sample size increases is also observed
for DGP 4-6, though to varying degrees.

For the GSW interval, the coverage rates are in excess of 90% in the constant volatility
case for T' > 100 and gradually approach the nominal level as the sample size increases,
consistent with the asymptotic validity of the interval in this case. This is, however, no
longer true with time-varying volatility, as exemplified by the results for DGP-1 to DGP-6.
When volatility is subject to discrete shifts, the interval becomes more conservative as the
sample size increases from T = 100 to T = 200. For instance, when T" = 200, the coverage
rates for DGP-1/DGP-2 are at least 98%. A similar lack of convergence towards the nominal
level is also observed for DGP 3-6 although in these cases the coverage rates remain notably
liberal (< 90%) regardless of the sample size and the serial correlation structure (except
when T' = 200 and errors are of the MA type).

Consider now the coverage rates of the intervals based on the dependent wild bootstrap.
Several features of these results are noteworthy. First, coverage performance varies with
the bandwidth employed with a smaller bandwidth generally leading to intervals with more

accurate coverage. The proposed bandwidth rule exhibits coverage similar to that with the
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smallest bandwidth. Second, consistent with Theorem 7, the coverage rates typically improve
as the sample size increases for each of the DGPs considered. Interestingly, this feature is
also observed in the stochastic volatility case with leverage (DGP-6) despite the fact that
this case is not allowed for in the theory. Third, the coverage rates of the bootstrap-based
intervals are considerably less sensitive to the nature of serial correlation and the particular
form of heteroskedasticity relative to the tp,. and PM intervals. Fourth, the performance
of the bootstrap-based intervals is particularly impressive when the sample size is small
(T = 50), where the t,. and PM intervals often suffer from substantial under/over-coverage.

Table 2 reports the coverage rates when the DGP includes a drift. The performance of
thae In this case generally improves relative to the no drift case by ameliorating the extent of
undercoverage especially when the sample size is small. The PM interval, on the other hand,
is now seen to be severely conservative in most cases with coverage being as high as 100% for
four of the seven volatility specifications considered, including the constant volatility case.
Further, the coverage rates do not necessarily approach the nominal level as the sample size
increases for any of the volatility structures. This feature can be explained by the fact that
when v # 0 in Assumption 2, the Cauchy limit distribution underlying the PM interval is
no longer valid.!! The coverage rates of the GSW interval remain inadequate when volatility
is time-varying although some improvements may be noted for DGP-3 and DGP-4 in the
serially uncorrelated case. In contrast, the bootstrap-based intervals are much more stable
with coverage rates bearing a very similar pattern to those in the no drift case. In summary,
the coverage results in Tables 1 and 2 make a favorable case for employing the dependent
wild bootstrap based on a small bandwidth or the recommended bandwidth rule compared
to the asymptotic approaches.

Table 3 presents the average effective lengths of the confidence intervals, normalized with
respect to the t,. interval. Thus, a ratio smaller (larger) than one indicates an interval
with average effective length shorter (longer) than the t,,. interval. The results reveal the
following notable patterns. First, the PM interval can be discernibly longer than the other
intervals in cases where the errors have constant conditional variance or involve discrete shifts
in volatility. In contrast, it typically delivers the shortest average length in the trending and
non-deterministic volatility cases (DGPs 3-6) when 7' = 200. Thus, as with coverage, the

length of the PM interval can be quite sensitive to the underlying volatility specification.

UWhen v = oo, pr converges to pr at rate uTk;/ Qp% which is faster than the rate krpZ in Phillips
and Magdalinos (2007a) and pr is asymptotically normal (see Fei, 2018; Liu and Peng, 2019). When
v € (0,00), the limit distribution is mixed normal (see Guo et al., 2019).
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Second, the length of the GSW interval depends to a considerable extent on both the serial
correlation and volatility structures driving the true DGP. For instance, this interval is the
shortest on average relative to the other intervals for DGP 3-6 when 7" < 100 but always
longer than the interval based on t5,. for DGP-1 and DGP-2. In the constant volatility case,
the GSW interval is longer than the HAC-based interval with serially uncorrelated errors but
shorter than the same in the serially correlated scenarios. Third, for the bootstrap-based in-
tervals, average length is generally shorter, the larger the bandwidth employed. The average
length based on the bandwidth rule DWB,. typically lies between the average lengths for the
smallest and largest bandwidths considered. Fourth, the length improvements offered by the
bandwidth rule over the asymptotic methods are primarily concentrated in situations where
the errors are serially correlated and volatility is subject to discrete shifts. Fifth, the perfor-
mance of the rule-based bandwidth is substantially more stable across the different volatility
specifications relative to the asymptotic procedures, a feature also previously observed for
the coverage rates. Table 4 reports the corresponding length results in the drift case. These
results paint a qualitatively similar overall picture as the results in the no drift case.

In summary, the Monte Carlo results indicate that while employing a relatively smaller
bandwidth leads to more accurate coverage, it also leads to longer average effective lengths.
The recommended bandwidth rule offers a reasonable approach to addressing the coverage-
length trade-off by delivering relatively short intervals while retaining adequate coverage
properties. Additional Monte Carlo results presented in Appendix C for the case a =
0.8 further confirm the effectiveness of the proposed procedure for conducting inference

within the mildly explosive autoregressive framework.

6 Empirical Applications

This section illustrates the proposed methodology on two sets of time series. The first
application revisits the empirical application in GSW where the degree of explosiveness of
ten major stock market indices in the pre-2008 financial exuberance period is studied. In
particular, our analysis accounts for the potential nonstationary volatility pattern in the
stock indices and highlights the difference between our results and those in GSW which are
based on assuming stationary volatility. The second application investigates the extent of
explosive behavior in three monthly U.S. home price indices during the 2002-2006 housing
bubble, and the details are suppressed into Appendix D.
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6.1 Stock Market Indices

GSW employ a two-step testing strategy to identify the degree of explosiveness in ten major
stock indices over the period leading up to the 2008 financial crisis. The first step entails
a pretest for detecting whether the time series is explosive and the second step uses their
proposed method to construct a confidence interval if the pretest signals the presence of
explosive behavior. They find limited evidence of explosive behavior with most series either
only mildly explosive, or not explosive at all. To facilitate comparison with their results,
our analysis employs the same data set as GSW.!? The data are weekly and the sample
size is T' = 100 for all series. Specifically, the data are collected in a way that end at the
(pre-selected) highest point in the pre-2008 financial crisis period and then span 100 periods
before that highest point. All of the series peaked at some point during 2007-2008, thereby
making the whole sample approximately span from 2005 to 2008. A plot of the indices is
displayed in Figure 1.

We start with an assessment of the time series behavior of volatility in these series to
justify the plausibility of allowing for unconditional heteroskedasticity. Following Cava-
liere and Taylor (2007a), Figure 2 plots the estimated variance profile, defined by \//f’(s) =
(S e 4 (sT — LsTJ)éfsTJH)/ZtT:l é2, 0 < s <1, as well as the volatility estimates 62,
obtained by fitting a nonparametric regression to the squared residuals é? as suggested by
Xu and Phillips (2008)3. Specifically, to adjust for potential serial correlation in the errors,
the residuals é; are obtained by fitting an autoregressive model to the series with lags de-
termined by BIC with a maximum of six lags. For the nonparametric estimates, a Gaussian
kernel is used with the bandwidth chosen by cross validation, searching over bandwidths
hy = ¢;T7% i =1,...,4 with {c1,...,cs} = {0.25,0.4,0.6,0.75}. As observed from Fig-
ure 2, the estimated variance profile of several series, especially USA, Brazil, China and
Hong Kong, deviates substantially from the 45° line which represents the constant volatility
scenario. The corresponding nonparametric estimates of the volatility clearly depict the un-
derlying nonstationary evolution of the sample volatility paths, indicating smooth trending
changes for USA, Brazil, China and Hong Kong, and possibly single/multiple shifts for the

remaining countries.

12The data come from Wind Economic Database and consists of ten countries/districts, namely, USA,
Brazil, China, Hong Kong, Australia, France, Germany, Italy, Egypt and Nigeria, which are representatives
of the world stock markets in different continents: America, Asia-Pacific, Europe and Africa. See Guo et al.
(2019) for further details.

13To make the estimated volatility curves comparable across the different time series, we plot the estimated
volatility ratio over t = 1,...,T: 62/6%, where 62 = ]_, 62/T.
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Figure 1: Plots of ten stock indices during 2005-2008.
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Figure 2: Variance profiles and nonparametric volatility estimates of ten stock indices.
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In addition to visualizing the sample volatility paths, we also conduct formal diagnos-
tic tests for the stationarity of unconditional volatility proposed by Cavaliere and Taylor
(2007b). They present four test statistics, Hxs, Hr, Hova, Hap, and derive their asymp-
totic distributions under the stationarity null from which the relevant critical values of the
tests are obtained. In implementing these tests, the squared residuals é? are used in con-
structing the stationary volatility test statistics. A long-run variance estimator based on the
Bartlett kernel with lag truncation parameter 4 is employed.'* Panel A in Table 5 presents
the testing results along with the 10%, 5% and 1% critical values. It is clear that the first
four series, namely, USA, Brazil, China and Hong Kong, show evidence of significant non-
stationary volatility from a majority of the tests. As noted in the simulation evidence in
Cavaliere and Taylor (2007b), when volatility exhibits trending behavior or a single abrupt
break, Hap and Heypr usually have the highest finite sample power out of the four tests
while the Hp test is the least powerful. In contrast, the Hpy test is the most powerful in
the presence of multiple discrete volatility breaks. Considering these facts together with the
visual evidence presented in Figure 2, we believe a smooth trending variation of the volatility
is more likely to prevail in these four series, as opposed to single/multiple discrete volatility
break(s).

We now turn to the two-step testing strategy adopted by GSW. Their first step involves
a pretest for explosiveness using the right-tailed augmented Dickey-Fuller (RADF) and the
supremum augmented Dickey-Fuller (SADF) tests proposed by Phillips et al. (2011, PWY
henceforth) and Phillips et al. (2015, PSY henceforth), both of which assume stationary
volatility. In contrast, drawing upon recent developments in the literature, we employ two
set of tests proposed in Harvey et al. (2019, 2020) which allow for nonstationary volatility.
In the first set of tests, Harvey et al. (2019) modify the RADF statistic of PWY using
a weighted least squares-based variant (supBZ) which is borrowed from Boswijk and Zu
(2018). To further increase power, they propose a union of rejections test (i) that combines
the original PWY test statistic (supDF) and supBZ. In the second set of tests, Harvey et al.
(2020) suggest a sign-based version (sPSY) of the PSY test for multiple bubbles and for the
same reason also advocate a union of rejections test (uPSY) which consists of sPSY and the
original PSY test. Following these studies, we present the bootstrap p-values of these six
tests in Panel B of Table 5. It is evident that both the union tests reject the unit root null
at the 10% significance level for all series except USA and Italy for the U test. As noted by

14Ty conserve space, we omit the details pertaining to the construction of the test statistics and refer the
interested reader to Cavaliere and Taylor (2007b).
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Table 5: Empirical results table for ten stock indices, consisting of three panels. Panel A:
Nonstationary volatility tests (Cavaliere and Taylor, 2007b) and their critical values (C.V.).
Panel B: Explosiveness estimates and p-values of bubble tests allowing for nonstationary
volatility (Harvey et al., 2019, 2020). Panel C: AR(1) estimates and 95% confidence intervals
(presented for (pr — 1) x 100) of various methods.

Panel A: Heteroskedasticity tests Panel B: Explosiveness estimates and p-values
Country His Hr Heov Hap or u supBZ supDF | uPSY PSY sPSY
USA 1.382 1.328* 0.541**  2.965** | 1.003 | 0.100 0.072  0.293 | 0.000 0.607 0.000
Brazil 1.560  1.487** 0.870*** 4.223*** | 1.001 | 0.070 0.034  0.210 | 0.006 0.555 0.006
China 1717 1.634***  0.993***  4.744*** | 1.025 | 0.022  0.002 0.022 | 0.000 0.016 0.000

Hong Kong | 1.368  1.368"*  0.728**  3.753** | 1.051 | 0.004  0.006 0.004 | 0.000 0.038 0.000
Australia 1.024 0.993 0.280 1.582 1.000 | 0.062  0.052 0.493 | 0.086 0.497 0.080

France 1.264 1.055 0.174 0.890 0.998 | 0.060 0.054 0.505 | 0.000 0.766 0.000
Germany 0.968 0.747 0.098 0.523 1.012 | 0.004 0.002 0.054 | 0.000 0.190 0.000
Italy 0.879 0.716 0.108 0.660 0.998 | 0.112  0.106 0.461 | 0.000 0.673 0.000
Egypt 1.660* 0.914 0.190 1.387 1.007 | 0.012  0.008 0.044 | 0.010 0.337 0.010
Nigeria 1.070 0.941 0.205 1.190 1.004 | 0.024  0.030 0.014 | 0.000 0.020 0.000

C.V.(10%) | 1.620 1230  0.347  1.933
CV.(5%) | 1.750  1.360  0.461 2.492
CV.(1%) | 2.010  1.630  0.743  3.850

Panel C: AR(1) estimates and 95% confidence intervals (presented for (pr — 1) x 100)

Country or thac PM GSW DWB; DWB;5 DWBj DWB,.
USA 1.003 | [0.1,3.1] [0.1,5.3] [0.1,2.8] [0.1,3.9] [0.1,3.8] [0.1,3.5] [0.1,3.7]
Brazil 1.001 | [0.1,24] [0.1,24] [0.1,2.6] [0.1,3.3] [0.1,3.3] [0.1,3.1] [0.1,3.4]
China 1.025 | [0.8,4.2] [0.1,7.9] [1.1,3.9] [0.7,4.5] [0.8,4.4] [1.2,4.3] [1.0,4.4]
Hong Kong | 1.051 | [2.1, 8.1] [4.2,6.0] [2.6,7.6] [2.2,8.8] [2.2,9.2] [2.0,9.3] [2.0,9.0]
Australia 1.000 - - - - - - -

France 0.998 - - - - - - -

Germany 1.012 | [0.1,3.1] [0.1,10.4] [0.1,3.3] [0.1,3.5] [0.1,3.6] [0.1,3.8] [0.1,3.5]
Italy 0.998 - - - - - - -

Egypt 1.007 | [0.1,34] [0.1,9.4] [0.1,3.0] [0.1,4.1] [0.1,4.0] [0.1,3.4] [0.1,3.9]
Nigeria 1.004 | [0.1,2.5] [0.1,6.8] [0.1,2.3] [0.1,2.7] [0.1,2.4] [0.1,2.3] [0.1,2.6]

Note: *denotes 10%, **denotes 5%, and ***denotes 1% significance level for the above tests.
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Harvey et al. (2020), the first set of tests - U, supBZ, and supDF tests, which build on the
PWY testing approach, are usually less powerful than the second set of tests based on the
PSY testing principle. Interestingly, we also observe a similar phenomenon here: for each
case except Australia, uPSY test has a lower p-value than I/. Based on the overall pattern
found in Panel B of Table 5 and the superior power performance of uPSY test revealed in
Harvey et al. (2020), all of the ten series are deemed to be explosive. However, to construct
a meaningful confidence interval in the second step, we conclude a series to be explosive if
and only if both of the following two conditions are satisfied - the pretest must reject the
unit root null and the point estimate of the degree of explosiveness must exceed unity, i.e.,
pr > 1. Taking into account these conditions, we exclude Australia, France and Italy from
the second step analysis since their estimates pr < 1 1°.

The second step entails constructing HAC-based confidence intervals for the parameter
pr that governs the degree of explosiveness. To this end, we follow the approach in GSW
of testing over a certain grid of values, Hy : p € {1.001,1.002,...,1.500}. In practice, this

corresponds to constructing a 100(1 — §)% confidence interval [pr, py| such that
ﬁL = max{l.OOl,ﬁT — D1,5/2 X 5'(,57“)}, ﬁU = ,6T — D5/2 X 5'(,57“) (27)

where Dys/o, Di_s/2 represents the 6/2 and 1 — 6/2 percentiles of the approximating distri-
bution D, and &(pr) is an estimate of the standard deviation of pr. In our case, D is either
the standard normal distribution or the DWB distribution and &(pr) is the HAC estimate
as defined in (9). Panel C in Table 5 presents the confidence intervals constructed by the
HAC-based approach as well as the other methods compared in the simulations. Overall,
our proposed DWB approach is supportive of the hypothesis in GSW that most series are
mildly explosive (pr € [1.004, 1.04}). However, the DWB-based confidence intervals are in
general a bit wider than those of GSW with a larger upper bound for the former, which is
consistent with the preceding simulation evidence that GSW usually under-covers in most of
the nonstationary volatility cases considered. Hence, the GSW interval tends to understate
both the sampling uncertainty associated with the point estimate of py as well as the degree
of explosiveness driving the time series. Moreover, for the four series which showed consid-

erable evidence of time-varying volatility in the foregoing analysis, the difference between

15Tt is worth noting that in GSW, the time series for Australia, France and Italy are also categorized as
non-explosive but for a different reason - due to failing to reject their bubble detection tests that do not
allow for nonstationary variance. In contrast, after adjusting for potential nonstationarity in the variance,
the three series show significant evidence of explosive behavior, although the p-values for Australia (0.086)
and Italy (0.112) are the largest in the uPSY and U tests, respectively.
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the GSW and DWB, methods is more prominent than for countries such as Germany and
Nigeria which do not show significant time variation in volatility. This pattern suggests that
when volatility is not time-varying, our DWB-based t;,. method suffers little efficiency loss,
further highlighting the advantages of using our proposed procedure relative to those that do
not control for unconditional heteroskedasticity. Finally, the PM intervals are in general too
wide and thus not particularly informative, again consistent with the simulation evidence
that PM intervals tend to over-cover under nonstationary volatility.

In summary, we find that four out of the seven explosive stock market series analyzed in
GSW show strong evidence of time-varying volatility. For these explosive series, our DWB-
based method produces wider confidence intervals than GSW while the two methods provide
very similar intervals for series that do not exhibit time variation in volatility as indicated by
the tests for stationary volatility. These patterns are consistent with the simulation results
in Section 5 and confirm the effectiveness of our proposed method in constructing confidence

intervals for the degree of explosiveness in time series analysis.

6.2 U.S. Housing Price Indices

The details of this application can be found in Appendix D.

7 Conclusion

The recent upsurge of interest in the mildly explosive autoregressive framework has been
spurred by its ability to provide a simple yet effective tool for modeling the presence of asset
market bubbles. The development of this framework has been followed by a plethora of the-
oretical and empirical studies that have sought to generalize the original framework or apply
it to study the time series evolution of several price indices that may potentially be sub-
ject to explosive behavior. This paper considers the problem of constructing asymptotically
justified confidence intervals for the autoregressive parameter that represents the degree of
explosiveness. Existing approaches typically employed in empirical practice are valid only
under the assumption of conditional homoskedasticity /heteroskedasticity, notwithstanding
extensive empirical evidence against the same for a wide range of important economic and
financial time series. Our framework allows the noise component to be unconditionally het-
eroskedastic and sufficiently general to subsume a variety of volatility specifications common
in the literature. We propose a dependent wild bootstrap-t procedure for inference that

is shown to provide an improved approximation to the finite sample distribution of the ¢-
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statistic relative to asymptotic methods. Given that the t-statistic is asymptotically pivotal,
it is possible that the bootstrap offers asymptotic refinements (Hall, 1992). A theoretical
investigation of this possibility is outside the scope of the present paper but a potentially

fruitful avenue for future research.
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Online Supplementary Material: Inference in Mildly
Explosive Autoregressions under Unconditional
Heteroskedasticity

Xuewen Yu* Mohitosh Kejriwal'

Fudan University Purdue University

This online supplement contains four Appendices: Appendix A contains a set of technical
lemmas required for the proofs of the main results; Appendix B contains the proofs of the
main results in Sections 3 and 4; Appendix C contains additional Monte Carlo results;
Appendix D contains an empirical application to US house prices.

Appendix A: Technical Lemmas

This Appendix contains a set of technical lemmas that will be subsequently used in the
proofs of the main results in Appendix B. As a matter of notation, we will use C = C|[0, 1] to
denote the space of continuous functions on [0, 1] and D the space of right continuous with
left limit processes on [0, 1], ‘27 to denote convergence in probability, ‘=’ to denote weak
convergence in the space D endowed with the Skorohod metric, |.| to denote the integer
part of its argument, and 1(-) to denote the indicator function. For a random quantity J,
we write 0 = dp + 0,(0g) as § = Jy + s.0., where s.o. represents a term of smaller order in
probability. Further, we define Y = % + %1(7 =0).

Lemma A.1 For any real numbers ay, as, az that satisfy 0 < ay < 00, —00 < a9, a3 < 00,

T3]
. _ —ay(T—t j
ay > as, we have limy_,o k' > pTal( Jtazljl +as

t=1

< 00 holds uniformly in j =1,...,T.

Lemma A.2 [Guo et al., 2019] Under Assumptions 1-2, the following limiting results hold
jointly:
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T—|j] T 11— _
(@) (@, kD) X Jus{ 0 a3 a0 0] = o,05);

t=1 i1=1 12:t+\j\

b 2 k3/2 T 2T—|j| t—1—iq 'l H‘U\—l—iQ ) _ ko4
) @k S {3 oS A )] = 0,0,
= 117 127
-4 1y B
(c) (aiT#Tk;/QP%) Z [Ututw\{ Z Pt - ““11}{ Z PtTer ' “zz}] = OP(le)'

1=t ig=t+]j|

Lemma A.4 Under Assumptions 1-3, the following limit results hold uniformly in j:
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Proof of Lemma A.2: The proofs are essentially the same as Lemmas A.4-A.5 in Guo et

al. (2019), with additional scaling factors ay, of certain order, either a,;Tl or a,:TQ, added to



ensure that the variance of e; is well-behaved. We omit the proofs here but they are available
upon request. W

Proof of Lemma A.3: (a). Note that

(pr = 1)*(pr +1)
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which holds uniformly in j, where the second inequality holds due to the Cauchy-Schwarz
inequality and the third inequality holds if sup,E[(a; 'u¢)*] is bounded. This is indeed true
as (see, Tanaka, 1996, pp. 501-502)
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Finally, the o(1) result in (A.3) follows since k2p;’ = T?*p;" = o(1), where 0 < a <
1 (Assumption 1). Then part (a) follows as we have shown its convergence in L', which
implies convergence in probability. The proofs for (b) and (c) follow very similar steps as

A4



the proof for (a) and are hence omitted, but available upon request. l
Proof of Lemma A.4: (a). Since y; = yopl + S oo, pirui + pr(pl — 1kr/c, we have

7|3l
(a:TNTk%P%FT Z Yi- 1yt+m 1

T*|J| 9
= (ap ko)) [(yopT +Zpt g+ (o 1)/<7T/0)
t=1
t+|j7]—1 9
(y pt‘H]‘ 1_|_ Z pt+|]| 1— Zu —|—/,L (pt‘i’l]' 1 1)kT/C> ] (A6)
=1
T ,
= (b, ko)) [(yopT +Zpt g+ (o 1)/€T/C)
t=1

2
(y piHil- 1+Zpt+|yl 4 (I - )kT/C> + 5.0 (A7)

T—|jl 4 4
= (aypirkyor )" sz(tl :Zf(t+ljl_l)<ZPElui+#TkT/C> + s.0.

=1

T—\J\ ' T 4
= (upk2)! (k;l Z p;z[Tf(tfl)]p;Q[Tf(tHJ‘71)]) (a,;le;l/Q Z priu; + a,;}c’lu> + s.0.
t=1 =
=0(1), byzemma Al
B v xO(1) x Y4+ 0,(1) = 0,(1), (A.8)

where the approximation from (A.6) to (A.7) can be easily proved in a similar manner to
A.3) in Lemma A.3. This proves (a).

(

(b). Similar to (a), with some algebra, we have both (a}_pi-kip3T) "1 S0, 2y and
- :

(ad ikt od) T S g ay? g S X O(1) x Y3 4 0,(1) = Op(1)~

(

(

T

c). Similar to (a) and (b), with some algebra, we have (aj_p7k}p7 ) ! Zf:_lm Yt 1Y+ 15

).
T T— .
G%TN%’I{%PQT )~ ! |J| yt , and (akT k%p%r )~ ! t= 1|]| yt2+|j| 1 = v x O(1) x Y2+Op(1) =



O,(1). &
Proof of Lemma A.5: (a). The first result is calculated by

w
_>

T—|jl
7/2 3T
(%TGTMT T Pr) E Yi— 1yt+\]\ 1Ut

T \J\
om0 3 | (4 3 o~ 10
t=1
. il 4 . 2
(3 A k)
=1
7/2 pl
(af arpiphkypf) Z [(yopT +Zpt g+ (0! 1)’@/@)

. , 2
(y ptT+|J| 1+Zp;+m—1—zui+,u (ptT+IJ| r_ )kT/c) wl + s.o.
i=1
T3l
7/2 t 1) ¢
(aiTaT:uTkT/ pAT)1 Z PT( +lil= ) <ZPT uﬂLMTkT/c) + s.o.
t=1 i=1
Tl T 3
3/2 —1,-1/2 —2[T—(t+|j|-1)] —[T—(t-1 —15-1/2 —i 1 -
(3K / )~ (aleT / Z oy [T+l )]pT[ ( )]Ut> (ak;kT / ZPT u; —|—alec 11/) + 5.0
t=1 i=1
—0,(1)
v X O0p(1) x VP 4 0,(1) = O,(1), (A.9)

where <a;1k;l/2 Zf:_lm p;Z[T_(Hm_1)],0;[T_(t_1”ut> = 0,(1) is due to

2

T—|jl
E a;lk;ﬂ Z p;2[T_(t+|J|_1)]p;[T_(t_1)]ut
t=1
vl
< (k Z —4[T—(t+]5]— 1]/);2[ (tfl)]> x {sup,E(aze) ' 1V2 + s.0.
=0(1), Lemma Al
= C(1)>x O(1) x O(1) = O(1), (A.10)

which uses the result that suptE[(a;let)‘l] < suptE[sf]suptE[(a;lat)“] < oo. The second

. . . . 3 3
result is similar, i.e., (aj, arprky ” py

7/2 3T T ||
)t Yi 1Yt i1 Ut -1 =
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|4

3/2\ — —17.—1/2 —[T—(t+|7|-1)] —2[T—(t—-1 —1/2
(R (aleT/ pr{T=(+131=D] 27— ”ut+|j|_1) (aka RYT priuarie V)
t=1

—0,(1)
5.0. 34 x 0,(1) x Y3 4 0,(1) = O,(1).

3

b). Similar to (a), with some algebra, we have (aj,, aT,uTk:;r’p/ 22Ty

5/2

a} arpiky o3l )~
5/2 or

i
( Zt 1|j|yt 1Yt4]5]—1Uts
(af

(aj arpzky pgh)~"

(c).

T—|j 2 5/2 o T \J\
Zt 1 Yt—1Yt+|j|-1Ue+|5]-1, (akTaTMTk’T PT)

T2 g B 3 x 0,(1) x Y2+ 0,(1) = op<1).

yHm Juy and

¢). For a given j, we have
T—|j
k —1
(appapprky PT Ye—1Ut
T—|4l

= (arparprkyph) ™! Z (yop +Zpt g+ pr (o 1)kT/C)Ut

T— |J|

= (akTaT,uTk;/Qp%) Z (yopT + Zpt Yy 4 pr (it — 1)I<:T/c> Uy + s.0.
t=1
T—|jl T

= (agparprkyph)” Z pr ut(ZP%iUi + MTk’T/C) + s.0.
i=1

T—|J|

T
1/2 —1,-1/2 —[T—(t-1 1,172 —i 1 -
= (prky /) <aT1kT/ E pT[ @ )]ut> (alesz/ E Pr url—ak;c 11/) + s.0.
=

=1

/

=0p(1)
B v x 0,(1) x Y +0,(1) = 0,(1), (A.11)

where a}lk;/ 2 tT;l'j | p;[T_(t_l)]ut = O,(1) can be easily proved in a similar manner to

(A.10). Using the same approach, it is easy to check that the rest of the three cases (b), (¢)
and (d) are of the stated orders. B

Proof of Lemma A.6: Using the fact that pr = pr+ Op(a,;TlaT(/LTkZ}/ pr)~h), a first order

Taylor expansion yields

prt I TR = (o — ) x (22T = 1) + ]3] = 2) o 0,
o(T) o;rsmaller <‘go
— Op(a,:TlaT(uTki/Qp%) ) x O(T) x O(1) + s.o.
= y_lOp(a,;TlaTTkT prl) + s.0. = 0,(1). (A.12)

For the remaining results (b)-(e), we only prove (b) as the rest of the cases can be proved
in a similar manner to this case and cases in previous Lemmas A.4-A.5. We first show the

A-7

+



results hold if pp is replaced with pp:

T4l
(T—
T il N L VR PR
t=1
T—|jl
_ —2(T—t i|—2 i
AN Y | 3 e~ )
t=1

t+]jl—1

<y pt+la| Ly Z L i+ (ptT+|a| 1 1)kT/c>]

T— \J\
—2(T— i
= (azTuTk%pzTT) Z [p 2(T—t)+51- z(y pt 1+Zpt 1- uz+MT(p 1)/<:T/c)
t=1

(y ptT+|J| +Zpt 1- Zuz—i-,uT(ptHJ' 1 1)/<:T/C> + s.0.

T4

= (@i, 1rkiot) Z pr P o 2<Zp uz+uTkT/c> + 5.0

T— |J|

. , 2
= (k)" <k Z STl D) o701 )}p;Z(T—t)HJFZ) <agj}k;1/22p}’ui+a;;c_ll/> L so.
i=1
=0(1), by Lemma A.1
B v3x0(1) x Y2+ 0,(1) = O,y(1). (A.13)
Next, using the results in (a), we have
T—|j|
—2(T—t)+]j|—2
(aiTUTk%p%T) Z Pr a0t Yt—1Yt+|j]-1
t=1
Ul il
—2(T—t
= (aiT:U'Tk%p%T Z Pr =i yt 1Yt+|j]- 1+<akT:uTk%p§“T Z Ye1Yey|j|—1 X0p(1)
=1 =1
=0p(1), by E;mma A.4(c)
= 0,(1). N (A.14)



Proof of Lemma A.7: Since y;, 1 = yopy = + ij P g + (Pl — 1) ky /e, we have

T

(anpaprkipr) ™D yiaof

t=1

T t—1
— (ke Garkiof) Y (vork + 3 A s (0t = Db/ o

t=1 i=1
T T T
= (g 03prkior) Y ( > pt{l"ﬂi) o} + > prply kot fe + s.0.
t=1 i=1 t=1

T

T T
1 —17.- —i —2— —(T—t)— 12— —(T—t)—
_ (NT]{;/Q) 1(‘114;]%1/22/% ul) (aT2lesz( t) 103) + (agy€) 1aT2lesz( t)
i=1 t=1 =1
- o0 1)2Y
— Yx/ e “g(1)%dr = 9(1) . A
0 c
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Appendix B: Proofs of Main Results

This appendix contains proofs of the main results in the paper. Let P* denote the
bootstrap probability measure and E* the expectation with respect to P*. We will use
C = CJ[0,1] to denote the space of continuous functions on [0,1] and D the space of right
continuous with left limit processes on [0, 1], ¢ 2 to denote convergence in probablhty,
to denote weak convergence in the space D endowed with the Skorohod metric, ¢ —>p to denote
weak convergence in probability under the bootstrap measure (Giné and Zinn, 1990), |.| to
denote the integer part of its argument, and 1(-) to denote the indicator function. We will
write Z}. = 0,+(1) if, for any €; > 0,¢ez > 0, limp_,oo P[P*(|Z}| > €1) > €] = 0. Similarly, we
write Z3. = O,+(1) if, for all € > 0, there exists an M, < oo such that limy_,, P[P*(|Z5| >
M,) > €] = 0. Finally, for a random quantity 0, we write d = dy + 0,(dp) as 0 = &y + s.0.,
where s.o. represents a term of smaller order in probability.

- T
Proof of Theorem 1: Let X = a;lkgl/QZpg(T_t)_let. We first show that X =
t=1

C() Xy + 0p(1). Under Assumption 2, the standard Beveridge-Nelson decomposition (see,
e.g., Phillips and Solo, 1992) states that

Ut = C’(l)et -+ gt,1 — gt, (Bl)

. 00
where ¢, = C(L)e; = Z Cie—|j|, G = Z ¢g. Furthermore, the assumption Z Jlejl < o0

k=j+1 7=0
ensures y_ ¢3 < 0o, which implies E(az°¢7) < Z csup,E(ap’o?)sup,E(ef) < K, 2/(4ma) 2/ () 2 <
j=0 j7=0 =0

0o, Vt. We first prove the result for X;. We have

T
XT = aﬂ;lk/’j_wl/Q Z p;(T_t)_lut

t=1
T T

— ale—l/Q p;(T—t)—lc(1)€t+ale 1/2Zp_(T t)— 1<€t 1 — et)

t=1 t=1

T
= C()Xp +az'kz Y 0 @ — &), (B.2)

t=1

where we need to show that the second term a}lk;lm Zthl p;(Tft)fl(Et_l —€) is 0,(1).



Following standard calculations,

—(T- 1 (T—- —(T—t)—1~
ar § P( 0 (€1 — &) = ag' § PT G 1—ar E P( e
(Tl
=a;! E pT et—aT g ( )=

T-1
1T~ 1 1~ _ —(T- —(T—t)—1\~
= aTlpTTe(J - a’TlpTleT + a’Tl Z(PT( ) — PT( g )ér
t=1

T-1
= ap'pr e — aptprter +ea kit S pr T e (B3)

Since E(a;%€?) < oo, Vt, we have k;l/za;lp;T'éo = 0,(1) and k;l/Qa;p}lgT = 0p(1). Fur-
ther,

T-1 T-1T-1

E | (caz k7" Y pr 7@ ] =kt N (o B )

t=1 t=1 s

< k720 | ( Z ) x O(1)

= k%0 (k7 ) = (B.4)

where the second inequality is due to the fact that, for any ¢t,s = 1,...,T, E(afé’t'ev) =

00 T
> e opraBlarel ) < K34 RY (S0 52 < oo, Thus we have ag kg 3 pr 0
j=0

7=0 t=1
~ T
€) = k;l/zOp(l) = 0,(1). Similarly, letting Y = a;lkz;/? 3" prles, and using entirely anal-
=1
ogous arguments, we can show that Y, = C(1)Yr + 0,(1).

Next, we establish that as T' — oo, [X7, V7] 5 [X, Y], where X ~ MN(0,V;), Vs = 9(1)27
and Y ~ MN(0,V;), V5 = [ S E2g(r)2dr. We write:

(Xr,Yy] = ZthstJro,, D), &re=ke'? aztpr T et prt] o (B.5)

Defining H = o- field{{o,}}}, Fi_1 = o-field{{o,}T, {e,}\"'}, and using the law of iterated

B-2
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expectations, the conditional variance can be calculated as:

[M] =

E ()N(T,?T)()N(Ta?T)'W} =Y E[{E(&r&riei| For) } [H] + 0p(1)

W
Il
—_

I
]~

5T,t£§“,t + 0p (1)

t

= ky diag (GT ZpT ey tz,akTZpT% t2> +0p(1), (B.6)

t=1

1

since the off-diagonal term satisfies

T
T
E 1]€ 1 —(T+1) —2 9 % ar 4 —(T+1)
aT Qg Fp P E: < sup,E(a;"0;) _GkT Tl
T ’Y+1 (T+1)
< {sup,E(az'o))*}"/* x <E) Pr — 0, (B.7)

by the second part of Assumption 2(c), Assumption 3, and the fact that for any fixed k > 1,
1 (T/kr)* — 0 (Proposition A.1 of Phillips and Magdalinos, 2007). Now the first term in
(B.6) is

T+1
—2T t+1) . . -2
ar’ky! E = ap’ky! § P 0T = ap’ky! / Pr w"%—wﬂdt
2

(T+1)/kT o 2
:/ p;wm( T—UcTrJH) i
2/kr ar

_olkpr]

K
_ /(T“)/"“'T (1+ c) T T (UT—LkTrJﬂ)QdT
2/kr kr ar
w 00 1 2
%/ 27 g(1)%dr = 9(2) , (B.8)
0 ¢

by the continuous mapping theorem and Assumption 2(c). For the second term,

—27.—1 2t 2 —27.-1 T+1 —2[t] 2 ()b =2|kpr] [ 9lkrr] ?
Ay oy ZPT 0 = G bp pr-opydt = Pr —— | dr
2 2/kp Qe
(T+1)/k k] 2 2
+ T T
L |0en) ] ()
2/k‘T kT akT
Y / 27 g(1)2dr- (B.9)
0
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The (conditional) Lindeberg condition is implied by the (conditional) Lyapounov condition
in view of the bounded 4 + x; moments for {e;} assumed by Assumption 2(b). Finally, since
o; is independent of ¢4 for any s and ¢ [Assumption 2(d)], condition (2.3) of Wang (2014)
is satisfied ensuring asymptotic mixed Gaussianity despite the fact that convergence of the
conditional variance obtains in distribution. Further, by diagonality of (B.6), Xp and Yy are
asymptotically independent. Hence, X7 and Y are also asymptotically independent. This
completes our proof. B

Proof of Theorem 2: The proofs of (a)-(c) are similar to the proofs of the results in
Theorem 3.1 in Guo et al. (2019), with some differences, due to the additional scaling factor
ar or ay,. Specifically, we take (c) as an example to show how to deal with this. To prove
(c), by Lemma A.1,

T T
(axparprkypp) " Zymut (anparurky o)™ (dioy + pr (ot — Dkr/c)u,
t=1
T
= (akTaTuTkT/ng Z dy_quy + (akTaTk;/ng Z akTaTk;/ng et Z Uy
= =1 t=1
= XoVr/(urky®) + agte ™ (ap by 2 Z Pt T ) + O (T (ky 1) ) (B.10)
XE+1) y=0 Y 1
1/2 w, v c
= XTYT/(MTk‘T/ )+ Xr/(ak.c) + op(1) = {ﬂ Vs X(; + 21(7 =0)).

The proofs for (a) and (b) follow Guo et al. (2019) and the steps used in the proof of (c)
and are hence omitted. For (d), we have

T T

a;lel/QZu = ar i UQZC’ Yer +ap T~ 1/22( 11— &)

t=1 t=1 t=1

T
= C(1) x ap'T~ 1/226 +ap TV —ap T8 = C(1) x ap' T7V? Y e+ 0,(1),

:017(1) :017(1)

with E[(a;'T—1/2 Zthl er)2{o:}F] = a;’T! Zt L0255 fo r)2dr. To show the indepen-
dence of U with X and Y, similar to (B.7), we can show that for the key elements of the
cross product of az'T~2 37w, and Xy, it follows

T
E |7~ 2az?ky Y pr " V07| < supBlazo?) x T2 kil (1= p7)
t=1
< {sup,E(az'c,)*}"/* x c_lT_l/Qk;/2 — 0, (B.11)
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while for the cross product of az'T~2 3] u, and Yo, it follows
d a
E T_I/Qa;la,;;k;ﬂ pplol| < suptE(ak20t2) ﬁT_l/Qc_lk;ﬂ(l —p7h)

a
=1 T

k Y
< {sup,E(ay'c,)"}"/? x (%) TR 5 0. (B.12)

Proof of Theorem 3: The proofs are similar to the proofs of Theorem 2, so to save space,
we only give a proof of (c). We have

T T
(anparkepr) ™ Z ey = (apparkrpr) ™ Z di—1 + pr(ppr - — ke /c)u
= =1

T
= (agparkrpr) ™D diqug + (urky!*) (arparky*ph) 7! ZPT uy
t=1

T
—(prky®)(apparks o) e Z

= XpYr+ (urky?)agt e ap by Z pr T ) 4 O (T2 (ka2 1) Lzt (urky™))
= XTYT + I/XT/(CLkTC) + Op<]-) = XTYT + Op(]_> % XY, (B].S)

where the last equality holds due to the fact that ar = 77 is at least O(1) under v > 0. W

~ T—|jl
Proof of Lemma 1: Let ®7(j) = a;’k:' Y. pp ST~ Z CkChlj|Or_p- We first establish
=1
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T-1 T-1

S w(/br)®r() = S w(j/br)®r(j) + 0,(1). By definition,

j==(T-1) j==(T-1)

T—|jl
. g . T —
Br()~ Br() = kDY e 2 or R
k=0 i=0
T— J\
— —2(T—t)+]7]—2
= az’ky chckﬂj\ ZP (=0l o7 p(efp— 1)
Hl"lf(j)
T—|4]
— — —2(T—t 2 —|q
+aT2kTIZCka+|y| pro TTOHIEG2 (1 — prh
= =1
HZ‘ZT(A)
T—|jl

+aT2k chk& Z 1(i # k+ 1D 00 o ke

=0 =0 t=1

— &y ()

(B.14)

J/

H3r ()

To that end, we establish some bounds for Hi7(j), Hor(j) and Hsr(j). Regarding Hir(j),

let Crj = ap2hy! ST p 20252 (22 1) we have

2
T—|j]

E(¢2,] = E | az?k;! Z T A )

T4

= k Z HT=t)+2i1- 4{@}4Eat k} {E e, 1)2}

T4

"‘%52 Z P;HH(HS)H']' - {E aT TF 105, } {E Cs—k — }{E(S?—k - 1)}1

s<t,s,t=1 ~

o

T4

g Z —4(T—t)+2]5] ar'EBol )} {Bel , — 2Ee? , + 1}

p*Z\J\ —4T+2|j]
= k; 2o L {a}4Eaf_k} {ng_k - 1}
PT -1

= C'lk;lp;mj' < Cyk;', uniformly in 7,

~~
=0

(B.15)

where (1 is a finite positive constant which does not depend on j and T. Then (B.15) implies
ElGrs| < (BIG2,)Y? < O(k7 %), uniformly in j. Thus, E|Hyr(j)| = B| 5, exceyiGry| <
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= kPO S0 Jeneisyi| = Olky?). Regarding Hor(j),

2 k=0

CkCh]j]

E|¢r,

]E‘HQT ) —E‘ Qk chCker Z p*Z(T t)+5]—2 2 (1 _p;m)

|4

< {supE(ap'o;1) }1/2><Z|ckck+w><k Z A D)

o0

= Oy lexersyyl (07" = o), (B.16)

k=0
where Cj is a finite positive constant which does not depend on j and T'. Regarding Hsr (),

o0 T3]

E|Hyr(j)| = E|az?k:' >3 eves Z 1(i # k+ Do " 00 wouy e ke

k=0 =0
-9\ 1/2
T—|jl

lcwei| | B |10 # K+ |j]) ZGT rp (T el Ot—kOt+|j|—iCt—kEt+|j|—i

IA

M 1D
Mo L

T3l
. —4 2 74T t)+2]j|—4 2 2
lexci|1(i # k + |7]) ( E ar kp oy kO t+|j|— el k5t+m i

e
Il

0 1

Il
o

T—|jl i 1/2
) Z 4l€ 2 74T+2(t+8)+2m 4{E(Ut—k03—k0t+jias+ji)}{E(gt—kgs—k5t+|j|i€s+|j|i)};>

s<t,s,t=1 ;6
oo 00 T—|3]
< 3OS el # K+ ) (k > pp
k=0 =0 t=1

1/2
x {supE(az ov i)'} *{sup,E(az ov ;i)' *{sup,Bef_, }/* {sup,Eef, ;3 2)

= 1/20322 lcpci|1(i # k + |7])pr < ks V2¢ (Z |c|)?, uniformly in j, (B.17)

k=0 =0

where C} is a finite positive constant which does not depend on j and T. Now combining



the above three bounds, we claim

T-1
E| > w(i/br)[®r(j) — Pr(j)]
j=—(T-1)
T-1 T-1 T-1
< Bl Y w/br)Hiw()| +E| > w(i/br)Har ()| +E| D w(j/br)Hsr(j)
j=—(T-1) j=—(T-1) j=—(T-1)
= o(1)+o(1) +o(1) = o(1). (B.18)
Define Hip = 32,y w(i/br)Hir(j), i = 1,2,3. The claim (B.18) holds if E|Hy| =
o(1), i =1,2,3. We consider each of these terms in turn.
For E|H1T|,
T-1 T-1 00
El Y w(i/br)Hir(G)| < k' Psup,fw@)|C? D" D fereryy)
j=—(T-1) j=—(T—1) k=0
00 T-1 0o
< be 1 O el Y0 lewel < ke PP lel)? = Ok ) (B.19)
k=0 j=—(T-1) k=0
For E|Har|,
T-1 T-1
. . —2
E| Y w(i/br)Hu()| <Co D> [w(i/br) |Z|ckck+m| =)
j=—(T-1) j=—(T-1)
br o0 ) ) T-1 o0 . .
= 20 §;|w(j/bT)|Z:|ckck+j|(p7_“]_p;%)"i_ '_Z |w(j/bT)|Z|ckc;c+j|(P;J—PEQJ)
j= k=0 j=br+1 k=0 <1
00 br ' 00
< 20, (sup, (S ) S8 — %)+ supful)] S zrckckﬂo
k=0 j=0 j= bT—‘rlk 0
< 2 (s o) (3 ) ¢ 0018 s 3l Y o
= Jj=br+1
< O(ky'b7) + sup,Jw(z IZI%I Z |¢j| = o(1) + o(1) = o(1), (B.20)
Jj=br+1
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which uses the fact that, by binomial expansion,

bT 5 1 . p —1 1 _ p—2bT—2
Z( _PT ZPT Z/f] T -1 T T T—2
7=0 ~Pr —Pr
I prT“ -7 _ [pibT“ +1] = [p7 (1 4 p1)]
P%’ -1 P (p3 — 1)
24 @by 4+ Dkt 4+ Ob3k7%)] — [(1+ cbrky' + O(b3ks?)) (2 + ckyt)]
O(ck;l)
O(bzkz?) 12
= T O(kMR), B.21
O(Ck';l) ( T T) ( )
and Z] o lCil = o(b;'), (see Chang and Park, 2002, p.434).
For E|Hsr|,
T—1 T—1 00
E| Y w(ifbr)Hsr()] < > w(i/br)lkz 20503 Jexl)?
j=—(T-1) j=—(T-1) k=0
T—1 o)
= kY Jwifb)l | x Cs(> Jel)? = o(1), (B.22)
j=—(T—1) k=0

since k2 ST ) lw(i/br)| = ( 1/2bT) (b;l ZJT_‘E(T 1) \w(j/bT)|) = O(k;"?by) =

o(1) using the fact that b Z T y lw(i/or)| — f (x)|dx < 4+o0. Therefore, to

T—1
prove the lemma, it suffices to show that 3> w(j/by)®r(j) ~ V. We can write
j==(T-1)

T—1 T-1 T—|jl o0
w(i/br)®r(j) = > w(ifbra’kst Y pr TN ety

j=—(T-1) j=—(T-1) t=1 k=0

T—1 T—|j]

= Z w(j/br)ap kst Z TQ(T - chckﬂﬂot (B.23)
j=—(T-1)
T—1 T—|jl

+ w(j/br)ap kst Z or AT~ chck+|j|(af_k —0?2) = G + Gor.

j=—(T-1) k=0

The proof is then completed if we prove Gir — Vi, and Gor = 0p(1). Regarding Gir, we
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have

. _924 — —2(T—t)—2
w(j/br)az?kst > pr" 0N cwengyof
k=0

o0

T
= D wl/bnarket YooY Senerpof

j=—(T-1) t=1 k=0

— w(j/br)ap kst Z p;z(Tft)fzzckckHj‘at?. (B.24)
~ ' k=0

By Lemma 6 of Jansson (2002), i.e., Y w(j/br) Y. cxcryyj) = C (1), we can write the
j k=0
first term in (B.24) as

oo

T
. Lo, —2(T—t)—2
Z w(]/bT>aT2lesz( ! ch0k+lj|‘7t2
t=1

k=0

71 -
- ( w(j/bT)chck'Hﬂ <G’T ]{; Z —2(T—t)-2 2)
] k=0

= C(1)? lim Ooe*mg(wdr _ G _ V. (B.25)

T—o00 0 2c

The second term in (B.24) converges in probability to zero since

T-1 T ~
E Z w(j/br)ap’ ks Z p;2(T7t)72 Z CkCh+ 1|07 (B.26)
j=—(T-1) t=T—|j|+1 k=0

S sl () 2 S Z|ckck+,j,|

—(T—1) t=T—|j|+1

T—1 T—1

_ 2/(4+k . — 2/(4+kK . _

< kRN |J|Z\ckck+|j||SleK/””Zrcu S illewss] = Oz,
j=—(T-1) k=0 k=0 j=—(T-1)

where the second inequality in (B.26) uses the fact that pp°C 72 < 1 for t = T — |j| +

1,...,T, and the last equality in (B.26) holds since by Assumption 2(a), > 7= jlc;| < oo,
we have for any k > 0, 3255 jless] < S Zo(k + fleag] € S0 dlesl < 0.

Regarding Gor, let mpy = K3T%, 0 < w < 1 and K3 is a constant which does not depend
on T. It follows
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T-1

j=—(T-1)

T-1

2(T—
= E Z w(j/br) |Z\ckck+|]||aT k! Z o B- lo2, —o?

j=—(T-1)

T-1

—2(T—
= E Z ]/bT|Z‘0kck+|J||aTk Z A== U?_k—UtZ

E( > |w(i/br)lar’ks! Z TN ekl |0y — o

T—|j] [e)

k=0

T—|j]

T3]

j=—(T-1)
T-1 0 T—|j]
. 9, _ —2T—1)—
+E Z [w(j/br)] Z |ckcryijilan’hr’ Z PT2( K o) — 0}
]:7(T71) k:mT+1 t=1
T-1 mr T_‘j‘
. — — —2(T—t)—2
< ST )Y ek B | supjopparihst > ot TP 02, — oF
j=—(T-1) k=0 t=1
T-1 oo T—|jl
+< S lotinl 3 el 3t ) « 2{supB(a
j=—(T-1) k=mp+1
T—|jl
—2(T—t)—2
< Supx|w Z |Ck| 2E Supg<mT k<mTaT2k Z ( - —k Ut2

00 T—1

+2{supE(az'on) '} Psupw(@)] Y el Y el x Ca

= o(l)+o(1) =o(1),

since for the first term in (B.27), following Lemma A1 in Cavaliere and Taylor (2009),

T—|jl

—27.—1
SUD;j <imp ke <mqp AT kT
t=1

k::mT—i-l j:*(T*l)

T—|jl

Ut)4}1/2

(B.27)

—2(T—t)—2 —2(T—t

T 4= o} —op| < kr ! P> pr (T=t)=2 XSUpPy<p_ ‘J"]<mT7k<mTaT2|at o
T—|jl

2l = k2" xO(kr)x0,(1) = 0,(1).} For the second term in (B.27), it follows k. pp2 072 =
=1
. 0 T-1
C4><p;2m < Cy, where Cy is a finite constant independent of T"and j, and >~ |ex| Do Jewqy| <
kZmT+1 ]:7(T*1)

IThis directly follows from the fact that if o%(-) has continuous sample paths almost surely, then

—2 2
SUPt<T—|j|,j<mp,k<ms 0T o,

— 07 ’ = 0,(1); if 0(-) does not have continuous sample paths almost surely,

2

a similar proof of Lemma A.1 in Cavaliere and Taylor (2009) can be given to establish this result.
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( i |Ck’)(l§0|ck\)—>0asT—>oo. [

k:mT+1

Proof of Theorem 4: The proof of this theorem builds extensively on Lemmas A.3-A.4.
By the definition of €2, we have

T(arparprky®pb) 20 = 3 w(i/br)(aparprkyoh) *TE(G).  (B.28)
j=—(T-1)

We first work out the details of (akTaTuTkT *pI)2TT(4), using the fact that @, = , —
yt—l(pT - pT) We have

(arparprky” k) "2TT ()
T—|4]

3
= (akTaTMTkT/ PJT" Z Ut lutyt+|]| 1Ut+|g|

t=1
T3l
= (akTaT,uTkT pT) 2 Z [yt—lutyt—i-\j\—lut-l-\j\ - (ﬁT - /)T)32t2713'/t+|j|—lut+ljl
t=1
—(pr = pr) U1 Uiyj it + (Pr — pr) G107 -1
= Aj — Bj — Cj + Dj. (B29)

Specifically, by Lemma A.3 and 51 = O, (T *ay, urk?pk) which is implied by Theorem
2(b), we have

Bj

S

J
2

(axarprky”pt)” (B = PT)Yi—1 e+ il 1T+ (B.30)

[y

’ﬂﬁ#
.

2

M

= (agparprkyph)” (pr = pr) (Wit = T1)° Wer)jl—1 — T=1) Ut

t=1

(akTaT:uTkT pr)” Z pr — p1) (Y1 — §-1)* (Yerijl—1 — J-1)U = Bij — Baj.
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T—|j]

(arparprky*p5) 2> (pr — pr)it 2 iji-1te
t=1
T—lj]

3/2

(akTaTMTk’T/ PT PT - pT ?Jt 1— Y- 1 yt+|]| 1— Y- 1)Ut+|g|

t=1
T—|jl

(akTaTMTk’T PT ,0T - PT Z [y?—lytﬂj\flutﬂj\ - yf_1ut+|j|§—1 - 2yt—1yt+\j\flut+\j\ﬂ—1
t=1

+29t71Ut+|j|3731 + yt+\j\—1ut+\j\§31 — Ut+|j|§?ll}

3/2 _
(agparpirky o) 2 x Opl(anpaz kil pf) ) x Oy ad, arpikil i)

+0y (a3, arpid ks pi ) Op (T ary ek p7) + Oyl arpd k> 03 ) Op(T~ gy pirki p)

O, (arparprky” o2 Op (T gy prrk2p1)?) + Oplagparprky” p2) O (T~ ag, prk?p1)?)
+0,(ar, T 0, (T app ik ph)?)
Op(kz") + Op(T™Y) + Op(T k) + Opanpaz T2k3%) = O, (k7).

T—|j]
(aparprkyph) =2 > (br = pr)9 11T
t=1
T—|j]

3/2 2/ A _ _
= (agyarprky o) 2 (pr — pr)i Y (-1 — §-1)* (Wreij-1 — 1)

t=1
Tl

= (agyarprky”pt) 2 (pr — pr)u Y |:yt2—1yt+\j\—1 — Y71 — 2 1Y i1 U1

t=1

+2yt_1?]31 + yt+|j|—1?ﬁl - ?fil}

= (anparprkyph) 72 x Op((apparturky > ph) ™) x OplarT~2) x |Op(ad, idkipT)

+O0,(az, 13k 07 ) Op(T  ap ki pr) + Oplai, 13k p3" ) Op (T ary prkiy o)

+O0,(arp ikt p) Op (T~ any ik p1)?) + Op(any ikt p7) Op (T~ any ki pr)?)
+0,((T " arypurkipr)?)

= O(T72k ") + O,(T k%) + O,(T™2k3%) = 0, (k7)),
p T p T p T p\"T

which gives B; = O,(k3'). C; = O,(k;"') follows from the same proof as that for B;.
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T—|jl
(axparprkyph) > (pr = pr)’ UGt
t=1
T—|jl
= (akTaTMTk'T PT) - Z (pr — pT)2 [th—ly1t2+|j|—1 - 2yzf2—1?/t+|j|71§—1 + ?1152—11731 - 2yt—1y§+\j\—137—1
t=1
Y 1Y 1T — 29T + yt2+\j\_11731 — 2y -1 + ??:}

= (arparprky”ph) 2 x Op((ax,az prky!” ph) %) x [Op(aiTuTk%p“TT)

+0,(a}, ik ) Op (T ay pirkzor) + Op(af, pipkzp7 ) Op (T arp prkpr)?)
+O, (b, 1wk 07 ) Op (T anp ik pr) + Op(ad, 1k o7 ) Op (T gy ik p7)?)
+O0p(ary prk7:07) Op (T any ikt pr)?) + Op(af, 1k p7 ) Op (T~ anp prkp7)?)
+0,(

oy bk p7) O (T gy ik 7)) + Op (T ik o))

= Op(kz') + Op(T™) + Op(T%kr) + Op(T k) + Op(T k1) = Op(kz).

Thus B;, C; and D; are all O,(k;"). We next calculate A;.
Aj:

J
T4
(anparprky p5) 2> Gttt -1t

t=1
T4

= (arparprkyp7) Y Geoa (e — @)y (U — )
t=1
T4 T4

= (akT&T#TkT pr)” Z Yt —1Us Y4 |j]— 1ut+|j|+(akTaT,uTkT pr) U Z Yt—1Yt+]j] -1
t=1 =

T3]

(akTaTMTk‘T pr) 20 Z [yt—lytﬂjlflut‘I’?)t—lytﬂj\flutﬂj\]
t=1

In what follows, we derive the orders for Ay;, As;, and claim they are asymptotically negli-
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gible. Similar to the foregoing analysis, we have
T—|j]
3/2 T\—2- S
Ag; (ak,arprky?pp) 25> diaiie - (B.32)
t=1
= (akTaT,UTk;/QP;)_z X Op(a%T_l) X Op(aiTu%k%p%T) + 5.0 = Op<T_1) = Op(k%1>7
T—|3]
3/2 T\—2- S L
A3j = (akTaT,uTk?T/ Pg) *u Z [yt—lyt+|j|—1ut + Yt—1Yt+]|-1Ut+|j| (B-33)
t=1
= (arparprky*p7) > x OplarT %) x Opla} arpiky*pil) + s.0.
= 0T 2k"?) = 0, (k7).
Then we analyze Aj;:
T—lj]
3/2 T\— . .
(akTaTMTkT/ /J‘%) ? Z Yt—1UtY+|5)—1 W45
t=1
T—|4l T—|j]
3/2 Th— 3/2 T\ — _
= (akTaT/“LTkT/ pr) Z Yt—1UtYrt|j|-1Ut+|j] + (akTaTMTkT/ pr) Z Utut+ljlyg1
t=1 t=1
T—|j 7|5l
3/2 T\— _ 3/2 T\— _
—(agparprky*ph) 72 Z Yoot 1 — (apparprky ph) = Z WUeYtt(j|—1 W] T—1
t=1 t=1
= Ayjn + Ao — Arjz — Aija, (B.34)
where Alj’Q:
T—|5l T—|j]

(akT aT,uTk;/2 pg

t=1
T—|j|

t=1
Alj,gi

T—|4l
2
(akT CLT/LTk:?;/ P%

t=1

.

’y,E X (T

T212 (T g, prkp})

=0p(1)

Op(T™hy”) % (T Pay aprky*

B-15

O(T k)0, (1) x az*T™! Z wttpy|j) = Op

)~? Z Y1 U Ut ||

)72 w70y = T k(T g prk o) 0% X az’ T wstiey

t=1
T—|j|
(T kr) x az?T ™1 Z UgUpp |-

t=1

(B.35)

1

T—|jl

—1
) E Yt—1Ut U4
t=1

V2, adurky” oy

Ul

)~ Z Yp—1UtUir ), (B.36)
t=1



Ajja = Op(Tfl/Qk‘il/Q) X (Tl/QakTa%kai/Qp%) ZtT:]U' Usl4|j|—1Us+);| Tollows the same way
as Alj,S'

To calculate Ay;, let Yy = (,uTk:l/Q) Y1 + 1/(ak,c). It then follows Yy 5 Y/v +
1/(c)1(y =0). By Lemma A.2 and the assumption a,;leO = op(k:r}m), with some algebra, we

have
Alj,l:

T—|j]
-2

(a’kTaT:uTkT PT E Yt—1UtYi4|5|—1Ut+|4]
t=1

T—|jl
= (aparpurky?pl) > [{yop +Zﬂt g, 4 pr(p = Dk /cug X
t=1 i1=1
t+j]-1
{y pt+|j| 1y Z ptﬂj\ 1- 22%2+M (ptHJ\ 1 1>kT/C}ut+|j|:|

12=1

= (anparprkyph)” Z [{Zpt Ty 4+l e e g x

11=1
T

j|—1—1 —
> o 20, + g7 kT/C}UtHJ\] +op(kz")
19=1
|5l ' T 2
_ Q;Qk; Z p;2(T—t)+\]\—2utut+|j| <(MT]€;“/2)_1G];}]€;1/2Zp;tut + a,;Tlc_1> + op(k;l)
t=1 t=1
= Or(j)Y7 + op(kz"). (B.37)
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Now, we combine A;-D; and use Lemma 1 to obtain

T-1
> w(i/br)(A; — B — C; + Dy) (B.38)
j=—(T-1)
T—1
= D w(i/br)(Aua + Ay = Auys — Ay + Ay — Agy =B; = C; + D))
=y e Oy
T-1
= > w(i/br)(Aya + Arja — Az — Arja) + 0p(1)
j=—(T-1)
T-1 ) T-1 T-1
= > wl/b{Sr()YE +o,(kr) b+ D wli/br)Aya— Y w(i/br)Auys
j=—(T-1) e j=—(T-1) ) )
5o &)
T-1 . T-1 y 1
= D wl/b)Ayato,() =Y7 Y w(i/br)®r(i) +0,(1) 5 Va(— + —1(y =0))*
j==(T-1) . j=—(T-1)
20
Note in the above ZJT::I(TA) w(j/br)Asj2 2 0 holds due to
T—1 T—1 T—|3]
Z w(j/br)Aije = Op(T "ky) x az’T~! Z w(j/br) Z gty > 0,
j=—(T-1) j=—(T—1) t=1

where the result a;*7~! Z;‘.F:__l(T_l) w(5/br) S w5 2 02 can be proved analogously
to Lemma 1. Next, ZJT::I(TA) w(j/br)Ay;s 2 0 holds due to

T—1 T-1 T—|j]
> w(i/br)Avs = Op(T k) (T Py ddprky 2 p1) ™ Y w(i/br) Y prrteuesyy) 2 0,
=) =) =1

=0, (T=1/2k/?)
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since

T-1 |3l
(TP ag,agprks o)™ Y wli/br) D st
j==(T-1)
T-1 -4l
(TI/Q%TGQTMT]C;/%%) ! Z w(j/br) Z Y- 12201&@07& kO t4|j|—i€t—kEtt|j|—i
j==(T-1) k=0 i=0
T-1
= (Tl/QGkTa%:uTkT/2pg) Z w(j/br) Zyt 1ZCka+IJIUt k +0p(1) (B.39)
j=—(T—1) t=1 k=0
T-1 00
= (TVap,adurky?pp) ™ w(j/bT)Zyt—lzckck+ljlgt2+0p(1> (B.40)
j=—(T-1) =1 k=0
T-1 )
SN w(i/or) Y ekcriyy < (T2 ar,ad ks pf) Zyt 107
j=—(T-1)
5 C1)? x (T a, dbprky” p1) " Oplar, adprkd ph) = Op(T 72k l%), (B.41)

where (B.39) and (B.40) can be established in a similar manner to the proof of Lemma 1,
(B.41) holds because of Lemma A.6. Finally, ZT i( w(j/br)Arja 2 0 follows from the
same arguments used for A;; 3. The result of Theorem 4 follows. W

Proof of Theorem 5: This is proved in the main text, see (18)-(19). W

Proof of Theorem 6: We will prove the result for X7.. First we note that conditionally
on i, uy, t = 1,...,T is normally distributed over time with zero mean, thus the partial
sum process is normally distributed with zero mean. In what follows, we focus on deriving
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its variance. Using the fact that Cov(ns, n;)
E" [X7]

kY S

t=1 s=1

%%TIZZK

t=1 s=1

s—t

ap’kyt

L,
ar”kz

L
ar“kz

T-1

+op(1) x>

j=—(T-1)

J
K(+ i

T
—17.—1/2 ~—(T—t)—-1
aleT / ZpT( )

—(t+5)]-2 ~

T4 )
1 A—2(T—t)+]j]—2
E Pr Uttty |4

T—|4

1 —2(T—t)+]j]—2 ]
§ . Pr Uttt

=E(nsn:) = K(1), it follows

2 T

—17.—1/2 A—(T—t)—1
aleT / ZPT( )

t=1

~

* *
u | =E MUt

UtsE(nsmy)

—2T t -2 A
S22y

T—|j

A—=2(T—1)+|7|-2 ~ ~ T
Utlhet]j |

20

+0,(1) (B.42)

t=1

t=1
T4l

a2k g | +o,(1)

t=1

) (B.43)

J/

w

— Vi,

where the o,(1)

T—-|jl

—27 — A=2(T—t)+|j|—2/ ~ ~
a; 2kt Z PT( )+l (i

t=1
T—jl

t=1

in (B.42) is not surprising as, under u; =

-~

w
—0o2

(B.44)

— Yi—1(pr — p1),

Tg ) — UtUpyj|)

_9, _ A=2(T—=)+j|—-2[,. - o . .
aTQ’fT1 Z Pr =0+l (Utut+|j| — Ugey(j|) — (AT — PT) Y10t

—(pr — P1) Yt lj|—10 + (Pr — pT)2y't—lyt+\j\fl]

= Ej—gj—éj—Fﬁj,

(B.45)

where, using the results from Lemma A.6, we can easily derive
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T—|j|
9 ~—2(T—t)+]j]—2 A S
ap’ky' Z Pr s (br — P) Y174
t=1
T—|j]
971~ ~—2(T—t)+]j]—2 _ o
= aTQle(PT - pr) Pr =0+l Ye—1Ugy|j| T Y-1U — Yp1U — y—l%&ﬂj\]

t=1
= ap2kyt X Op((urkd?p) 1) x Op(arparprky > ph) + s.0. = O (agpaz k) (B.46)

C; = O,(ag,az k"), which follows the same proof as Ej.

Dji
T—j|
_ _ ~—2(T—t =2/ ~ . .
ar’ky'! Z Pt ol (hr = 1) 91911511
t=1
T—j|
— — A~ ~—2(T—t |—2 _ _ _
= aTszl(/)T — pr)? Z Pr =0+l [ytflyt+|j|—1 — Yt—1Y-1 — Yit[j|-1Y-1 + y%l]
t=1
= a7’k x Op((urky*ph)™2) x Op(al 1i2k3p2) + s.0. = Op(ad azkzY).  (BAT)
Zjl
T—|jl
—2 T— 2
ap’ky’ Z P2 (g gy — g )
T |a| T—|j] A T—j| A
_ 2]{3 Z ~A—=2(T—t)+|j]—2 - 2 _2]{3;1 Z ﬁ;2(T_t)+|]|_2ut+|j|ﬂ . G;ij_ﬂl Z pA;Q(T—t)+\]\—QUtﬂ
t=1 t=1 t=1
= (az’kz )Op(a3 T H)O(kr) + OparT %) Oy (a7 by ?) + Oplar T2 Op(az ki ?)
= < N+ 0 <T—1/2kT”2> = o, (k7). (B.48)

Therefore, the sum of the four terms in (B.45) is at most O,(k;'). Under Assumption 6,
k_l/ *Ip — 0 as T — oo, the equality in (B.42) holds. Moreover, (B.43) follows from Lemma
A.6( ), the final limit result (B.44) follows from Lemma 1 since I and K(-) also satisfy the
conditions needed in the proof of Lemma 1 (Assumption 5). W

Proof of Theorem 7: To prove this theorem, it suffices to show
(i) a7 ar, ek *0% (07 — pr) 5y 26X/ (% + 11y = 0));

A 2
(id) a7 k1A 25, 462V, /(X + L1(7 = 0))
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First, consider (i). In light of the OLS formula for (p5 — pr), we need to work out the
asymptotics for the bootstrap data - we first prove a similar result as Theorem 2 for the
bootstrap data. Denoting 1/00 = 0, we have the following joint convergence results:

Yy 1 2
/ A2T
() (ak, prkypy Zyt L 26[ +-1ly= 0)] :
L ow 7Y 1
(¥) (o prkdsh) 12%_1 4 <=+ =0). (B.49)

Y 1
() (ansarprk” ) zyt i B, X[+ 10 =0)],

T 1
(d)  aptT? Zu: B U~MN(0,0%), o= C(1)2/ g(r)3dr,
0

t=1
where y; = jir + pry;_, +u;, t =1,...,T, y5 = yo. Note that we can define
d; = prd;_, +ug, dj =y, (B.50)

so that yf = d; + fir(ph — 1)kr/¢é. The results in (B.49) are the bootstrap counterparts to
those stated in Theorem 2, which build upon the following results that are entirely analogous
to Lemma A.1,

1" ]{73/2 AT\—1 L At—1—j % 1): (v L 3/2 A2T 1 a ~2(t— o 1):
(a") (arr kg " pr)~ tzlztpzr uj = op(1); (V') (arpky " p7 )~ tZthPT uj = op-(1);
T T .
() () 55 32 3 s = o (1) (@) Cang b ) 52 = Vi 2 0,1
= ‘7: —

T
(€") (anp k32 PE) S0 diy = Vit Je+ 0p-(1); () (agparkept) ™ ; di_uf = X5Y7 + oy (1).

The proofs of (a”)-(f") are entirely the same as the proofs of (a)-(f) in Lemma A.1, with an
additional result ¢ — ¢ = kr(pr — pr) = aTa,;Tl(uTkT/ng) a;lakTuTk;/Zpg(ﬁT —pr) =
aTa,;}p}T (#ﬁvm —i—op(l)) = Op(aTa,;Tlp;T) = 0p(1), so we omit them for brevity.
Given (a”)-(f"), to see how the proofs for the (a’)-(d’) are unchanged or follow with mi-
nor modifications to that of Theorem 2, we take (¢/) as an example. Using the fact that
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1/2
HTkl/z — 14 O (aTT—1/2k;/2)’

T T
(axparprky’ i) 12%-1“? = (axparprky i) Y (d; A+ pr (Pt = Dk /é)uy
t=1
1/2
2 . % prk 1/2 A * *
(g, arprky”ph)” Zdt Uy + I;/Q (arparks*p}) ™! ZﬂtT fuy — ;Ut)

XY ) + (14 070, ar TR a3 5T
t=1
~(L+ v Oy ar T 2hy %)) X Opu (T2 (ki p7) i)
w 1Y 1
= XPYF/(urkyl®) + X7/ (akr ) + 7 Opuarai T72h%) + 0, (1) 5, o[+

where Op*(aTa,;TlT_l/Qk;/Q) = O, (T~ V20> = 0,,(1) by Assumption 3. With the
above results (a’)-(d’) at hand, we thus have,

T T
* —3X * 2 N — k *
(Y1 — o)y = (a“k?TaT:u’TkT/ pr)” (Z Yiqup =T Zyt—l ZW)
t=1

1

Me

(akT aTMTkT PT)

t=1

T
= (akparprky* 0Nyt — T2k (g k! ) Zyt L X ag'T" ”QZU
t=1
Op (T~ 1/2k1/2)
y Y 1
w X [— 4 o1(y = 0)} , (B.51)
1% C
T T T
3/2 A —* * — *
a2 (urky pr) Z v — 0% = a2 (ks *57) (Zytzl—T 1(23/“)2)
—1 t=1
T
= a2 (urkd?pT) Zyt o= T k[, prk 2 pT) Zytl
op*(filkT)
w 17y 1 2
I :o], B.52
I i (v=0) (B.52)
which gives
3/2 AT
_ T Qg arpirky ~p Y uy Yy 1
aTlakT,U/Tk;ﬂpg(pT_pT): ( kp THT T) Zt 1( t—1 ) t w 2 X/( +01<7 0))

_ 3/2
a2 (kPR 2 S (i — 7))
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The proof of (ii) is similar in spirit to the proof of (i) in terms of showing that the limit
result based on the original data is transferable to the bootstrap data. We outline the main
steps of the argument. In particular, we need to show a similar result as Theorem 4 holds
for the bootstrap data, i.e.,

T2k W Y o1 ?
T(akTanJTk’?p/ng) 05,V {; + 21(7 = 0)} : (B.53)

The proof shares entirely the same logic as the proof of Theorem 4, and it builds on several
preliminary results which are analogous to Lemmas A.2-A.4 and A.6 with corresponding
quantities replaced by their bootstrap analogues. Next, in view of (B.52),

A . . w Y o1 ?
T(ad, ) Q5 = a2 (k) }j g |t si=0] L B

Finally, combining (B.53) and (B.54),
(a;laleuTkT/ pr)* AT =T" Hag! akT:uTkT “pr) Q*T_QQ* (B.55)
A~ x 1 A % w Y 2
= [T(ad, i3k A7) | Tlarparnekyp1) 20| B, 4cVa/ (< + =107 =0)) .

which gives (ii). The theorem then follows. H
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Appendix C: Additional Monte Carlo Results

Notes to Tables

1.

Table C.1 reports empirical coverage rate of various inferential methods for p = 1 +
c/T%, 95% nominal rate, T' = 50, 100, 200, ¢ = 0.5, « = 0.8, ur = 0.

. Table C.2 reports empirical coverage rate of various inferential methods for p = 1 +

¢/T*, 95% nominal rate, T = 50, 100, 200, ¢ = 0.5, a = 0.8, pup = T~*/4.

Table C.3 reports effective interval length ratio (benchmark: t,.) of various inferential
methods for p = 1 + ¢/T%, 95% nominal rate, 7' = 50,100,200, ¢ = 0.5, a = 0.8,
nr = 0.

Table C.4 reports effective interval length ratio (benchmark: t,.) of various inferential

methods for p = 1 + ¢/T*, 95% nominal rate, T' = 50,100,200, ¢ = 0.5, a = 0.8,
pr = T_a/4.
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Appendix D: Application to US house prices

The U.S. experienced a sharp increase in home prices between the years 1997 and 2006.
While the increase was larger in some areas and smaller in others, real home prices went up
by about 85% over this period for the country as a whole (Shiller, 2015). Figure D.1 plots
three housing price indices - the national home price index, the 20-city composite index, the
10-city composite index, all of which nearly doubled from 2002 to 2006.2 As Shiller (2015)
notes, there was a “rocket taking off” that eventually crashed in 2006 and caused the 2008
financial crisis, the most severe of its kind since the Great Depression of the 1930s. A variety
of potential explanations has been advanced for this rapid escalation in home prices including
lax lending standards, the Federal Reserve’s low interest rate policy, promotion in the media,
and excessively optimistic investor beliefs from a behavioral perspective (see Glaeser, 2013;
Shiller, 2015; Mian and Sufi, 2015; Griffin, Kruger and Maturana, 2021; and the references
therein). In our study, while not investigating the causes of the house price boom during
2002-2006, we conduct an econometric analysis aimed at measuring the extent of explosive
behavior in U.S. housing prices to help practitioners and policymakers gauge the intensity of
these dramatic price accelerations. We thus provide a simple yet robust and effective tool to
identify the degree of house price exuberance in the presence of potential serial correlation
and heteroskedasticity, the latter emphasized by Case and Shiller (2003).

Similar to our foregoing analysis of the stock indices, we collect T" = 50 observations of
the three monthly Case-Shiller indices displayed in Figure D.1 by first pinning down the peak
point and then gathering data backward until the T-th observation. The peak for the national
index is at March 2006, while the peaks for the 10/20-city composite indices are at April
2006, which makes the starting month to be February or March 2002.> The middle and lower
panels in Figure D.1 present, respectively, the variance profiles and estimated volatilities for
the three series after fitting an autoregressive model using the same specifications as the
stock indices in the previous section. These plots reveal considerable instability in the
sample volatility paths for all three indices with a trending volatility specification appearing
to provide a suitable characterization of the nature of the volatility process. Table D.1
presents the results from the diagnostic tests for stationary volatility (Panel A) and the
bubble detection tests (Panel B) as described in Section 6.1. The Hp and Hey s tests turn
out to be significant at least at the 10% level for all series, thereby formally corroborating the
nonstationarity of the volatility paths and its type observed in Figure D.1. All of the bubble

2The three indices are the main indices from the well known Case-Shiller Index, which was developed in the
1980s by three economists - Allan Weiss, Karl Case and Robert Shiller. Specifically, the national home price
index records the value of residential housing by tracking the purchase and resale price of single-family homes,
which covers nine major census divisions in the U.S. The 10-city composite index covers Boston, Chicago,
Denver, Las Vegas, Los Angeles, Miami, New York, San Diego, San Francisco, and Washington, D.C.. The 20-
city composite index, further includes Atlanta, Charlotte, Cleveland, Dallas, Detroit, Minneapolis, Phoenix,
Portland, Seattle, and Tampa. The data can be downloaded from the economic research data website of
Federal Reserve Bank of St. Louis, https://fred.stlouisfed.org/release/tables?rid=199&eid=243552.

3See Phillips and Yu (2011) and Fabozzi and Xiao (2018) for empirical evidence on the bubble’s timeline.
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Figure D.1: Plots of three U.S. housing price indices and their variance profile, nonparametric
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Table D.1: Nonstationary volatility tests (Cavaliere and Taylor, 2007b) and bubble tests
(Harvey et al. 2019, 2020) results for U.S. housing price series.

Panel A: Tests for stationary volatility.

National 20-City Composite 10-City Composite

Hrs 1.177 1.093 1.314
Hr 1.101 1.010 1.294*
Hovn | 0.478" 0.424* 0.567*
Hap 2.165* 2.620** 2.822**

Panel B: Explosiveness estimates and p-values from bubble tests.

National 20-City Composite 10-City Composite

pr 1.012 1.009 1.005
U 0.002 0.000 0.000
supBZ 0.000 0.000 0.000
supDF | 0.002 0.000 0.002
uPSY 0.000 0.002 0.002
PSY 0.018 0.010 0.016
sPSY 0.000 0.000 0.000

Note: *denotes 10%, **denotes 5%, and ***denotes 1% significance level for the above tests.

tests are significant at the 1% level except PSY (although the p-values for PSY are all below
2%) for each of the three series. Therefore, we move all three series to the second stage of
constructing confidence intervals for the degree of explosiveness. The results are presented
in Table D.2. As with our analysis of the stock indices, GSW provides a tighter interval
and PM provides a much wider interval than our DWB-based method, both of which are
consistent with our earlier discussions on the impact of ignoring possible nonstationarities
in the second moments of the time series.

In conclusion, our analysis shows that the three housing price indices, all of which appear
to possess trending (increasing) volatility, exhibit mildly explosive behavior as opposed to
a severe explosion during the 2002-2006 housing market boom. Existing methods that do
not allow for nonstationary volatility tend to understate/overstate the sampling variability
around the point estimates. More recently, U.S. housing prices have been increasing at a
record pace despite high unemployment during the COVID-19 pandemic, which is believed
to be induced by the Federal Reserve’s unlimited quantitative easing approach in response to
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Table D.2: AR(1) estimates and 95% confidence intervals of various methods for U.S. housing

price series.

National 20-City Composite 10-City Composite

oT 1.012 1.009 1.005

thae [1.001,1.038] [1.001,1.029] [1.001,1.032]
PM [1.001,1.184] [1.001,1.151] [1.001,1.108]
GSW [1.001,1.027] [1.001,1.025] [1.001,1.024]
DWBs | [1.001,1.042] [1.001,1.026] [1.001,1.027]
DWBj5 | [1.001,1.040] [1.001,1.023] [1.001,1.026]
DWBjp | [1.001,1.044] [1.001,1.023] [1.001,1.026]
DWB, | [1.001,1.043] [1.001,1.026] [1.001,1.032]

the pandemic. In principle, our method can also be applied to analyze the intensity of this
recent surge in home prices. We leave such an investigation as a potential topic for future
research.
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