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Perron and Yabu (2009a) consider the problem of testing for a break occurring at an unknown date in the trend
function of a univariate time series when the noise component can be either stationary or integrated. This article
extends their work by proposing a sequential test that allows one to test the null hypothesis of, say, l breaks versus
the alternative hypothesis of (l + 1) breaks. The test enables consistent estimation of the number of breaks. In both
stationary and integrated cases, it is shown that asymptotic critical values can be obtained from the relevant
quantiles of the limit distribution of the test for a single break. Monte Carlo simulations suggest that the procedure
works well in finite samples.
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1. INTRODUCTION

This article considers the problem of selecting the number of breaks in the trend function of a univariate time series without any prior
knowledge as to whether the noise component is stationary, I(0), or contains an autoregressive unit root, I(1). This is an important
practical issue as typical macroeconomic series appear to be characterized by one or more breaks in trend. For instance, Lumsdaine
and Papell (1997) find evidence of structural change for 9 out of 13 macroeconomic series when allowing for two breaks in the trend
function. Ben-David and Papell (1997), using a data set consisting of 48 countries, show that most countries experienced statistically
significant structural changes in the paths of their export-GDP and import-GDP ratios in light of the substantial movement towards
trade liberalization during the postwar period. Ben-David and Papell (2000) find evidence of multiple breaks in per capita real GDP of
the G7 countries over 1870–1989. Given the discontinuity of the growth process, they then provide a demarcation between different
periods of growth along the development paths based on estimates of the break dates. In another interesting application, Loewy
and Papell (1996) find that allowing for trend breaks permits more rejections of the unit root hypothesis in relative per-capita income
among U.S. regions, an implication that follows from the notion of stochastic convergence among regions.

Testing whether a time series contains a broken trend is complicated by the fact that it is not known a priori whether the noise is
I(0) or I(1). First, doing a structural change test based on the level of the data entails different limit distributions in both cases. Further,
tests based on differenced data have very poor properties when the series contains an I(0) component (Vogelsang, 1998). On the
other hand, to conduct inference about the presence or absence of a unit root, it is useful to have information regarding the
presence or absence of changes (see Carrion-i-Silvestre et al., 2009; Kim and Perron, 2009). In particular, usual unit root tests based on
search procedures, suggested by Zivot and Andrews (1992) and others, are not invariant to the magnitude of the trend break if one is
present. The presence of a break in slope or level can adversely affect both the size and power properties of these tests. We thus have
a circular testing problem between tests on the parameters of the trend function and unit root tests.

To deal with this circular problem, various approaches have been suggested to test for the stability of the trend function that are
robust to whether the errors are I(0) or I(1). The first to provide such a solution is Vogelsang (2001), building on prior work related to
hypothesis testing on the coefficients of a polynomial time trend reported in Vogelsang (1998). He shows that Wald tests for
structural change in the coefficients of a linear trend function have non-degenerate limit distributions in both I(0) and I(1) cases. He
weights the test statistic by a unit root test scaled by some parameters so that, for a given significance level, the value of the scaling
parameter can be chosen to ensure that the asymptotic critical values will be the same.
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More recently, Harvey et al. (2009a) propose tests based on a weighted average of the regression t-statistics for a broken trend
appropriate for the case of I(0) and I(1) noise. The weighting function they employ is based on the KPSS stationarity test applied to
the levels and first-differenced data. In the unknown break date case, they use the supremum of the trend function t-statistics,
calculated for all permissible break dates, for both the I(0) and I(1) cases. As in Vogelsang (2001), they use a correction to ensure that
the weighted test has the same asymptotic critical value irrespective of whether the noise is I(0) or I(1).

Perron and Yabu (2009a, henceforth PY), propose an alternative approach based on a Feasible Generalized Least Squares
procedure that uses a super-efficient estimate of the sum of the autoregressive parameters a when a ¼ 1. When the break date is
known, they show that the standard Wald test from the feasible GLS regression has the chi-square limit distribution. When the break
date is unknown, the limit distributions in the I(0) and I(1) cases are nearly the same when constructing the test using the Exp
functional of the Wald test across all permissible break dates (Andrews and Ploberger, 1994). To improve the finite sample properties
of their procedure, they also use a bias-corrected version of the OLS estimate of a (obtained from an autoregression based on the
residuals from estimating the trend function parameters by OLS) as suggested by Roy and Fuller (2001). Based on Monte Carlo
experiments, PY show their procedure to have a power function that is close to that attainable if one knew the true value of a in
many cases. The advantage of their method over those of Vogelsang (2001) and Harvey et al. (2009a) is that it does not involve any
random scaling so that the test used is more prone to have higher power and less size distortions (see, e.g. Perron and Yabu, 2009b
in a related context).

Building on the work of PY, we propose a sequential procedure that allows one to test the null hypothesis of, say, l changes, against
the alternative hypothesis of (l + 1) changes. Such a sequential testing strategy has been developed by Bai and Perron (1998, 2003) in
the context of stationary regression models. For the model with l breaks, the estimated break dates are obtained by a global
minimization of the sum of squared residuals. The strategy proceeds by testing for the presence of an additional break in each of the
(l + 1) segments (obtained using the estimated partition). The test thus amounts to the application of (l + 1) tests of the null
hypothesis of no change versus the alternative hypothesis of a single change. We derive the asymptotic distribution of the sequential
test and show that, in both I(0) and I(1) cases, asymptotic critical values can be obtained from the relevant quantiles of the limit
distribution of the test for a single break. Monte Carlo experiments indicate that the procedure performs adequately in finite samples.

It is important to note that our results do not follow as a mere corollary to those in Bai and Perron (1998, 2003) since the latter
studies are based on a stationary framework and do not allow for trending regressors or unit root errors. In fact, the result that the
limit distribution of the sequential test is a function of that for a single break is somewhat surprising in the light of the analysis in
Kejriwal and Perron (2008), who show that break date estimates are asymptotically dependent in the presence of unit root non-
stationarities. Finally, unlike the case of the stationary regression model, there is a need to reconnect the data at the break dates with
trending data in order to ensure that the initial conditions remain the same across different segments (see Section 3). For an
application of the advocated methodology in the context of persistence of per-capita output for OECD countries, see Kejriwal and
Lopez (2009).

The article is organized as follows. Section 2 presents the models allowing for a single break and reviews the PY testing
procedure. In Section 3, we develop the sequential testing procedure and derive its asymptotic properties. Section 4 provides some
Monte Carlo simulations, and Section 5 offers some concluding remarks. All technical derivations are included in a mathematical
appendix.

2. THE MODELS AND TEST STATISTICS: THE SINGLE BREAK CASE

Consider the following data generating process (DGP) for a scalar random variable yt:

yt ¼ x0tWþ ut;

ut ¼ aut�1 þ et; t ¼ 2; . . . ; T

u1 ¼ e1;

ð1Þ

where et � i.i.d.(0, r2), xt is an (r · 1) vector of deterministic components, and W is an (r · 1) vector of unknown parameters. The
parameter a 2 (�1, 1] so that ut can be stationary or have a unit root. For ease of exposition, we focus on the AR(1) case here and
defer the case of a generalized error structure for ut to Section 3. We will consider the following two models involving a break in the
slope of the trend function.1 We denote the true break date as T 0

1 ¼ ½Tk0
1� for some k0

1 2 ð0; 1Þ, where [Æ] denotes the largest integer
that is less than or equal to the argument. Also, I(Æ) is the indicator function.

� Model 1 (structural change in slope only). Here xt ¼ (1, t, DTt)
0
, W ¼ (l0, b0, b1)

0
, where DTt ¼ Iðt > T 0

1 Þðt � T 0
1 Þ.

� Model 2 (structural change in both intercept and slope). Here xt ¼ (1, DUt, t, DTt)
0
and W ¼ (l0, l1, b0, b1)

0
where DUt ¼ Iðt > T 0

1 Þ.

For Model 1, the null hypothesis of interest is H0: b1 ¼ 0 while for Model 2 it is H0: l1 ¼ b1 ¼ 0. Using the notation in (1), these
hypotheses can be expressed in the form RW ¼ c where R is a (q · r) full rank matrix and c is a (q · 1) vector, q being the number of
restrictions. For Model 1, R ¼ (0, 0, 1), c ¼ 0 and for Model 2,

R ¼ 0 1 0 0
0 0 0 1

� �
; c ¼ 0

0

� �
:

We first discuss the testing procedure for some generic break date T1 ¼ [Tk1], where k1 2 K� with K� ¼ fk: � � k � 1 � �g for
some � > 0. If a were known, the GLS estimate of the parameters can be obtained by applying OLS to the regression
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ð1� aLÞyt ¼ ð1� aLÞx0tWþ ð1� aLÞut; for t ¼ 2; . . . ; T

y1 ¼ x01Wþ u1:
ð2Þ

In practice, however, a is unknown and must be replaced by an estimate. Perron and Yabu (2009b) proposed the use of the
following super-efficient estimate of a:

âS ¼ â; if Tdjâ� 1j > d
1; if Tdjâ� 1j � d

�
ð3Þ

for d 2 (0, 1) and d > 0 where

â ¼
PT

t¼2 ût ût�1PT
t¼2 û2

t�1

ð4Þ

and fûtg are the OLS residuals from the regression of yt on xt. Perron and Yabu (2009b) showed that: (i) T 1=2ðâS � aÞ!d Nð0; 1 � a2Þ
when | a | < 1 and (ii) TðâS � 1Þ!p 0 when a ¼ 1. These results remain valid both under the null of stability as well as under the
alternative of a structural break.

For testing H0: RW ¼ c, PY propose using the Wald statistic based on the feasible GLS regression that uses âS as an estimate
of a in (2):

WFSðk1Þ ¼ ðRŴ� cÞ0½s2RðX 0XÞ�1R0��1ðRŴ� cÞ;

where X ¼ ðx1; ð1 � âSÞx2; . . . ; ð1 � âSÞxTÞ0, s2 ¼ T�1
PT

t¼1 ê2
t and êt are the residuals associated with the feasible GLS regression.

If | a | < 1, PY show that

WFSðk1Þ ) R
�Z 1

0

Fðs; k1ÞFðs; k1Þ0 ds
��1

Z 1

0

Fðs; k1ÞdWðsÞ�0½R
� Z 1

0

Fðs; k1ÞFðs; k1Þ0 ds
��1

R0
� ��1

� R
�Z 1

0

Fðs; k1ÞFðs; k1Þ0ds
��1

Z 1

0

Fðs; k1ÞdWðsÞ
� �

� G0ðk1Þ

where F(s,k1) ¼ [1,s,I(s > k1)(s � k1)]
0

for Model 1 and F(s,k1) ¼ [1,I(s > k1),s,I(s > k1)(s � k1)]
0

for Model 2. Here W(Æ) represents a
standard Brownian motion on [0,1]. If a ¼ 1,

WFSðk1Þ )

½k1Wð1Þ �Wðk1Þ�2
½k1ð1� k1Þ� ; for Model 1

limT!1
e½Tk1�þ1

r2 þ ½k1Wð1Þ �Wðk1Þ�2
k1ð1� k1Þ ; for Model 2

8>><
>>:

� G1ðk1Þ:

In practice, since the break date is unknown, PY propose using the exp functional over the set of permissible break dates:

exp-WFS ¼ log T�1
X

½Tk1 �:k12K�

exp
WFSðk1Þ

2

� �2
4

3
5) log

Z
k12K�

exp
gðk1Þ

2

� �
dk1

� �

where g(k1) denotes G0(k1) and G1(k1) for the i(0) and i(1) cases respectively. They show that using the exp-functional, asymptotic
critical values in the I(1) and I(0) cases are very close so that using the larger of the two can be expected to provide tests with the
correct size for both stationary and integrated errors.

Given that the OLS estimate of a may suffer from a serious downward bias especially when a is close to one, PY use a
bias-corrected estimate based on the procedure proposed in Roy and Fuller (2001). The super-efficient estimate is then based
on this bias-corrected estimate as opposed to the OLS estimate. The bias-corrected estimate is a function of a unit root test,
namely the t-ratio ŝ ¼ ðâ � 1Þ=r̂a, where â is the OLS estimate and r̂a is its standard deviation. The bias-corrected estimate is
given by

âM ¼ âþ CðŝÞr̂a;

CðŝÞ ¼

�ŝ; if ŝ > spct

IpT�1ŝ� ð1þ rÞ½ŝþ c2ðŝþ aÞ��1; if �a < ŝ � spct

IpT�1ŝ� ð1þ rÞŝ�1; if �c
1=2
1 < ŝ � �a

0; if ŝ � �c
1=2
1

8>>>><
>>>>:

where c1 ¼ (1 + r)T with r the dimension of W in (2), c2 ¼ ½ð1 þ rÞT � s2
pctðIp þ TÞ�½spctða þ spctÞðIp þ TÞ��1, a is a constant and

spct is a percentile of the limit distribution of ŝ when a ¼ 1. Also, Ip ¼ (p + 1)/2, where p is the order of the autoregressive process
considered for the noise component. Based on extensive simulation experiments, a ¼ 10 is selected and s0.01 is used as the choice
for spct.

DETERMINATION OF NUMBER OF BREAKS IN TREND
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3. THE SEQUENTIAL PROCEDURE

We consider a DGP for yt that allows for the possibility of (l + 1) breaks in the trend function. Following the notation in (1), it is:

� Model 1 ((l + 1) breaks in slope only). Here xt ¼ (1, t, DT1t,…, DT(l+1)t)
0
, Psi ¼ (l0, b0, b1, …, bl+1)

0
where DTit ¼ Iðt > T 0

i Þðt � T 0
i Þ.

� Model 2 ((l + 1) breaks in both intercept and slope). Here xt ¼ (1, DU1t, …, DU(l+1)t, t, DT1t,…, DT(l+1)t)
0
, W ¼ (l0, l1, …, ll+1, b0,

b1, …, bl+1)
0

where DUit ¼ Iðt > T 0
i Þ.

We are interested in testing the null hypothesis of l breaks against the alternative hypothesis that there are (l + 1) breaks. For
Model 1, this implies the null hypothesis H0: bl+1 ¼ 0 while for Model 2, the implication is H0: bl+1 ¼ ll+1 ¼ 0. In Section 3.1, we
present the sequential test and derive its limit distribution for the case where ut is an AR(1) process. Section 3.2 subsequently extends
the results to a general error structure for ut.

3.1. The AR(1) case

Here we continue to assume that ut is generated by (1). The sequential test of the null hypothesis of l breaks versus the alternative of
(l + 1) breaks is implemented as follows. First, we obtain the estimates of the break dates T̂1; . . . ; T̂l as global minimizers of the sum of
squared residuals from the model with l breaks estimated by OLS:

ðT̂1; . . . ; T̂lÞ ¼ arg minðT1;...;TlÞSSRðT1; . . . ; TlÞ:

This can be achieved using the dynamic programming algorithm proposed by Bai and Perron (2003). Next, we test for the presence
of an additional break in each of the (l + 1) segments obtained using the estimated partition (T̂1; . . . ; T̂l). In order to construct the test
for the ith segment (i ¼ 1, …, l + 1), we first estimate the following regression by OLS:

yt ¼ x
ðiÞ0
t WðiÞ þ ut; for t ¼ T̂i�1 þ 1; . . . ; T̂i; ð5Þ

where, for Model 1, we have x
ðiÞ
t ¼ ð1; t � T̂i�1; ðt � kÞIðt > kÞÞ0, WðiÞ ¼ ðlðiÞ0 ; b

ðiÞ
0 ; b

ðiÞ
1 Þ
0; while for Model 2, we have

x
ðiÞ
t ¼ ð1; Iðt > kÞ; t � T̂i�1; ðt � kÞIðt > kÞÞ0; WðiÞ ¼ ðlðiÞ0 ; l

ðiÞ
1 ; b

ðiÞ
0 ; b

ðiÞ
1 Þ
0. Here k ¼ [Ts] where s 2 Ki;� ¼ fs : k̂i�1 þ ðk̂i � k̂i�1Þ

� � s � k̂i � ðk̂i � k̂i�1Þ�g with k̂i ¼ T̂i=T . We use the convention T̂0 ¼ 0 and T̂lþ1 ¼ 0. Note that the trend included in the ith

segment is ðt � T̂i�1Þ instead of t. This modification is needed to ensure that the initial conditions are the same across segments. The

residuals from this regression denoted û
ðiÞ
t are then used to compute the OLS estimate of a as in (4) for the ith segment. This estimate

in turn is used to construct a super-efficient estimate of a, denoted âðiÞS , as in (3).

Given the estimate âðiÞS , the feasible GLS regression for the ith segment is

ð1� âðiÞS LÞyt ¼ ð1� âðiÞS LÞxðiÞ0t WðiÞ þ ð1� âðiÞS LÞut ð6Þ

for t 2 ½T̂i�1 þ 2; . . . ; T̂i� together with yT̂i�1þ1 ¼ x
ðiÞ0
T̂i�1þ1

WðiÞ þ uT̂i�1þ1. Let XðiÞ ¼ ðxðiÞ
T̂i�1þ1

; ð1 � âðiÞS ÞxT̂i�1þ2; . . . ; ð1 � âðiÞS ÞxT̂i
Þ0 and the

feasible GLS estimate of W(i) be denoted by ŴðiÞ. The Wald statistic for a given s 2 Ki,� is then given by

WFSðk̂i�1; s; k̂iÞ ¼ ðRŴðiÞ � cÞ0½s2
i RðXðiÞ0XðiÞÞ�1R0��1ðRŴðiÞ � cÞ; ð7Þ

where s2
i ¼ ðT̂i � T̂i�1Þ�1PT̂i

t¼T̂i�1þ1
½êðiÞt �2 and ê

ðiÞ
t are the residuals from OLS estimation of (6). As in PY, we use the exp functional

over all permissible break dates:

exp -W
ðiÞ
FS ¼ log ðT̂i � T̂i�1Þ�1

X
s2Ki;�

exp
WFSðk̂i�1; s; k̂iÞ

2

 !2
4

3
5

Given exp-W
ðiÞ
FS for i ¼ 1, …, l + 1, the sequential test is defined by

FTðl þ 1jlÞ ¼ max
1�i�lþ1

fexp -W
ðiÞ
FSg:

We conclude in favour of a model with (l+1) breaks if the maximum of the exp-W
ðiÞ
FS tests is sufficiently large. The test thus amounts to

the application of (l + 1) tests of the null hypothesis of no change versus the alternative hypothesis of a single change. The following
theorem states the limit distribution of the sequential test under the null hypothesis of l breaks.

THEOREM 1. Assume that ut(t ¼ 1,…,T) is generated by (1). Under the null hypothesis that the true number of breaks is l, we have
lim T!1P(FT(l + 1|l) � x) ¼ H�(x)l+1 with H�(x) being the distribution function of log [

R
k12K� exp (g(k1)/2) dk1] where g(k1) ¼ G0(k1)

if |a| < 1 and g(k1) ¼ G1(k1) if a ¼ 1.

The proof is in the appendix. The theorem states that, in both I(0) and I(1) cases, asymptotic critical values for the sequential
test can be obtained from the relevant quantiles of the limit distribution for the single break test. A similar result was obtained
by Bai and Perron (1998) in the context of stationary regression models. In our context, however, the result is somewhat
surprising in view of the analysis in Kejriwal and Perron (2008), who show that break date estimates are asymptotically
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dependent in the presence of unit root non-stationarities. We calculated the critical values by simulations using i.i.d. N(0,1)
random variables to approximate the Wiener process. The integrals are approximated by normalized sums with 2000 steps and
the number of replications used is 10,000. Table 1 presents critical values for a wide range of values of the trimming parameter
�. As is evident from the tables, the quantiles in the I(0) and I(1) cases are quite close, and hence using the larger of the two can
be expected to provide tests with the correct size in both cases. The argument for the consistency of the sequential test is the
same as that in Bai and Perron (1998). Note also that the result continues to hold when using the bias-corrected estimates given
that the bias correction procedure results in different finite sample properties but does not alter the rate of convergence of the
estimates.

The test based on FT(l + 1|l) can be used to provide an estimate of the number of breaks in the following way. First, apply the one
break test FT(1 | 0) to determine if there is at least one break. Upon a rejection, use the test FT(2 | 1) to determine if there is more than
one break. This process is repeated by increasing l sequentially until the test fails to reject the null hypothesis of no additional
structural breaks. The estimated number of breaks is then obtained as the number of rejections. The sequential procedure can be
made consistent by allowing the significance level of the test FT(l + 1|l) to decrease to zero at a suitable rate as the sample size
increases. It can be shown that if the true number of breaks is at least l + 1, FT(l + 1|l) diverges at rate Op(T3) if |a| < 1 and at rate
Op(T) if a ¼ 1. Thus, if the critical value is allowed to increase at rate Op(T1�e), 0 < e < 1, the size of the test converges to zero at
T increases while ensuring the consistency of the test. This leads to the Theorem 2 whose proof is similar to that of Hosoya (1989)
and is, therefore, omitted.

Table 1. Asymptotic critical values of the sequential test FT(l + 1|l) for Models 1 and 2

� a

I(0) I(1)

l l

1 2 3 4 5 1 2 3 4 5

Model 1
0.01 0.90 2.02 2.33 2.60 2.82 2.97 2.08 2.37 2.65 2.81 2.99

0.95 2.61 2.98 3.24 3.41 3.59 2.66 3.03 3.25 3.47 3.62
0.975 3.24 3.60 3.85 4.04 4.22 3.27 3.62 3.86 4.14 4.31
0.99 4.04 4.40 4.75 5.09 5.30 4.14 4.50 4.79 4.95 5.07

0.05 0.90 1.90 2.25 2.52 2.72 2.88 1.93 2.23 2.46 2.62 2.82
0.95 2.55 2.92 3.15 3.31 3.47 2.49 2.84 3.04 3.22 3.37
0.975 3.15 3.49 3.63 3.86 4.04 3.05 3.38 3.68 3.80 3.98
0.99 3.86 4.25 4.52 4.76 4.97 3.80 4.32 4.67 4.84 4.90

0.10 0.90 1.75 2.08 2.30 2.50 2.68 1.82 2.12 2.40 2.56 2.71
0.95 2.32 2.72 3.00 3.23 3.38 2.41 2.73 2.90 3.07 3.25
0.975 3.04 3.39 3.66 3.79 3.91 2.91 3.25 3.51 3.76 3.90
0.99 3.79 4.11 4.53 4.76 4.86 3.76 4.18 4.51 4.72 4.82

0.15 0.90 1.67 1.94 2.18 2.36 2.53 1.66 1.97 2.20 2.37 2.54
0.95 2.19 2.54 2.85 3.10 3.24 2.22 2.56 2.78 2.94 3.15
0.975 2.88 3.25 3.41 3.64 3.79 2.78 3.15 3.44 3.66 3.82
0.99 3.64 4.01 4.22 4.37 4.81 3.66 4.04 4.20 4.43 4.56

0.25 0.90 1.29 1.62 1.87 2.08 2.24 1.27 1.62 1.85 2.01 2.15
0.95 1.89 2.27 2.45 2.61 2.73 1.88 2.19 2.41 2.61 2.75
0.975 2.45 2.73 2.98 3.17 3.42 2.41 2.75 3.04 3.27 3.42
0.99 3.17 3.61 4.01 4.13 4.34 3.27 3.59 3.93 4.07 4.25

Model 2
0.01 0.90 3.34 3.70 3.97 4.19 4.38 3.52 3.86 4.11 4.34 4.52

0.95 3.99 4.41 4.73 4.96 5.20 4.13 4.53 4.83 4.99 5.20
0.975 4.74 5.21 5.39 5.53 5.88 4.84 5.20 5.42 5.59 5.72
0.99 5.53 6.05 6.28 6.60 6.82 5.59 5.94 6.20 6.73 7.10

0.05 0.90 3.20 3.57 3.84 4.08 4.25 3.36 3.70 3.97 4.14 4.33
0.95 3.87 4.27 4.56 4.74 4.94 4.02 4.37 4.67 4.87 5.02
0.975 4.59 4.94 5.23 5.41 5.57 4.69 4.02 5.31 5.58 5.74
0.99 5.41 5.81 6.13 6.34 6.76 5.58 5.97 6.16 6.30 6.52

0.10 0.90 2.96 3.37 3.64 3.87 4.13 3.26 3.60 3.83 3.99 4.10
0.95 3.67 4.15 4.37 4.56 4.67 3.85 4.15 4.38 4.57 4.72
0.975 4.39 4.67 5.06 5.21 5.45 4.39 4.74 5.00 5.15 5.34
0.99 5.21 5.65 5.92 6.10 6.59 5.15 5.65 5.84 6.08 6.19

0.15 0.90 2.91 3.34 3.60 3.86 4.03 3.09 3.44 3.64 3.84 3.99
0.95 3.63 4.06 4.34 4.59 4.79 3.66 4.00 4.28 4.61 4.73
0.975 4.38 4.79 5.05 5.28 5.46 4.30 4.73 4.98 5.17 5.43
0.99 5.28 5.70 5.83 5.98 6.22 5.17 5.57 5.93 6.07 6.15

0.25 0.90 2.54 2.88 3.16 3.36 3.57 2.72 3.05 3.31 3.52 3.69
0.95 3.17 3.58 3.88 4.08 4.33 3.34 3.71 3.96 4.13 4.29
0.975 3.90 4.35 4.57 4.77 5.00 3.99 4.30 4.55 4.80 4.95
0.99 4.77 5.22 5.50 5.81 6.00 4.80 5.21 5.39 5.63 5.73
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THEOREM 2. Let m be the true number of breaks and m̂ be the number of breaks obtained using the sequential procedure based on the test
statistic FT(l + 1|l) applied with some size aT. Consider a sequence of critical values cv ¼ cT1�e, 0 < e < 1 so that aT converges to zero while
ensuring that FT(l+1|l) remains consistent. Then Pðm̂ ¼ mÞ ! 1 as T ! 1.

3.2. The general case

We now provide an extension of the previous analysis to the case where ut is allowed to have the following more general structure:

ut ¼ aut�1 þ vt

vt ¼ dðLÞet

ð8Þ

for t ¼ 1,…,T with dðLÞ ¼
P1

i¼0 diL
i , et � i.i.d. (0,r2), et being defined on the set of integers. We make the following assumption

regarding the polynomial d(L):

ASSUMPTION 1. We assume that d(z)] 6¼ 0 for all |z| � 1 and
P1

i¼0 ijdij < 1.

These restrictions on the polynomial d(L) ensure the invertibility and weak stationarity of vt (see Chang and Park, 2002 for a detailed
discussion of these assumptions). Under these conditions, ut has an autoregressive representation, say A(L)ut ¼ et, where
AðLÞ ¼ 1 �

P1
i¼1 aiL

i . In (8), we wish to have a represent the sum of the autoregressive coefficients,
P1

i¼1 ai . Accordingly, we
consider the representation

ut ¼ aut�1 þ
X1
j¼1

a	j Dut�j þ et; ð9Þ

where a	j ¼ �
P1

i¼jþ1 ai . The infinite order autoregression in Dut�j is approximated by a truncated version whose order kT is a
function of the number of observations, T:

ut ¼ aut�1 þ
XkT

j¼1

a	j Dut�j þ etk;

where etk ¼
P

j>kT
a	j Dut�j þ et . Let û

ðiÞ
t be the residuals from estimating (5) by OLS. Then the estimate of a considered is the OLS

estimate a~(i) obtained from the regression

û
ðiÞ
t ¼ aðiÞûðiÞt�1 þ

XkT

j¼1

1ðiÞj Dû
ðiÞ
t�j þ e

ðiÞ
tk ; t ¼ T̂i�1 þ kT þ 2; . . . ; T̂i: ð10Þ

The order kT of the autoregression (10) is assumed to satisfy both an upper bound and a lower bound condition. This is stated in
Assumption 2:

ASSUMPTION 2. The order kT is assumed to satisfy (as T ! 1) (a) (upper bound condition) k2
T=T ! 0 and (b) (lower bound condition)

kT

P
i>kT
ja	i j ! 0.

The upper bound condition is the same as that used by Chang and Park (2002) in the context of unit root tests and is weaker than
the assumption kT ¼ op(T1/3) made in Ng and Perron (1995). Note that the lower bound condition allows a logarithmic rate of
increase of kT thereby permitting the use of data-dependent rules such as information criteria for selecting kT in practice. PY
recommend using the Bayesian information criterion (BIC) for choosing kT. Again a bias-correction is applied and the super-efficient
estimate a~(i) is constructed as in (3) and used in the feasible GLS regression (6).

The specific form of the Wald test depends on the nature of the errors, I(0) or I(1), and the model. Consider first the I(0) case.
For both models, we need to simply replace s2

i in (7) by ĥ
ðiÞ
v , an estimate of (2p times) the spectral density function at frequency zero

of vt ¼ (1 � aL)ut. PY propose using an estimator based on a weighted sum of autocovariances using the quadratic spectral kernel
and the bandwidth selected according to the plug-in method advocated by Andrews (1991) using an AR(1) approximation. The
estimator is

ĥðiÞv ¼ ðT̂i � T̂i�1Þ�1
XT̂i

t¼T̂i�1þ1

fv̂
ðiÞ
t g2 þ ðT̂i � T̂i�1Þ�1

XT̂i�T̂i�1�1

j¼1

wðj=lTÞ
XT̂i

t¼T̂i�1þjþ1

v̂
ðiÞ
t v̂
ðiÞ
t�j

where v̂
ðiÞ
t are the residuals from the regression analogous to (6) for the general case. The kernel function w(Æ) is assumed to satisfy

the following:

ASSUMPTION 3. The kernel function w(Æ) is a continuous and even function with |w(Æ)| � 1, w(0) ¼ 1, and
R1
�1 w2ðxÞ < 1; and the

bandwidth lT is such that lT ! 1 and lT ¼ o(T1/2) as T ! 1.
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Consider now the case where the errors are I(1). For Model 1, the form of the test statistic is the same as in (7), except that we
replace s2

i by an autoregressive spectral density estimate with the lag length of the autoregression again selected by BIC. The
autoregression is

v̂
ðiÞ
t ¼

XkT

j¼1

1̂ðiÞj v̂
ðiÞ
t�j þ ~e

ðiÞ
tk :

Denote the estimate by

1̂ðiÞðLÞ ¼ ð1� 1̂ðiÞ1 L� 
 
 
 � 1̂ðiÞkT
LkT Þ and fr̂ðiÞekg

2 ¼ ðT̂i � T̂i�1 � kTÞ�1
XT̂i

t¼T̂i�1þkTþ1

ê2
tk:

Then,

ĥðiÞv ¼
fr̂ðiÞekg

2

f1̂ðiÞð1Þg2
:

For Model 2, PY propose a modified test statistic, which ensures that the limit distribution is the same as that in the AR(1) case. See
PY for details on the modification used.

Given Assumptions 1–3, we are now in a position to state the result for the general case. This is presented in Theorem 3 whose
proof can be found in the Appendix:

THEOREM 3. Suppose that ut is generated by (8). Then, under Assumptions 1–3, Theorems 1 and 2 remain valid.

4. SIMULATION EXPERIMENTS

We conduct simulation experiments to assess the finite sample performance of the proposed sequential procedure. We consider
cases where the DGP involve either one or two breaks. The sample sizes used are T ¼ 120, 240, 360. The level of trimming is set at
� ¼ 0.15. The maximum number of allowable breaks is set at three. In all experiments, fetgT

t¼0 denotes a sequence of i.i.d. standard
normal random variables. The sequence futgT

t¼1 is generated by the ARMA(1,1) model

ut ¼ aut�1 þ et þ het�1; t ¼ 1; . . . ; T

u0 ¼ 0:

We consider six values for the autoregressive parameter: a ¼ 0.5, 0.8, 0.85, 0.9, 0.95, 1 and five values for the moving average
parameter: h ¼�0.5,�0.3, 0, 0.3, 0.5. We report results for h ¼ 0 and h ¼ 0.5. The results for the other values of h are qualitatively
similar to those for h ¼ 0.5 and are available upon request. All experiments are based on 1000 replications.

The estimate of the autoregressive parameter is obtained from an autoregression where the lag length is selected using BIC.
Regarding the choice of parameters d and d, we experimented with d ¼ 0.3, 0.4, 0.5, 0.6 and d ¼ 0.5, 1, 2 as in Perron and Yabu
(2009b). The results indicated that the choice d ¼ 0.5, d ¼ 1 works relatively well in finite samples, and therefore we use these values
for the construction of the super-efficient estimate. We construct the bias-corrected estimate of the autoregressive parameter using
the method of Roy and Fuller (2001) as used in PY. We present our results in terms of the probabilities of selecting a given number of
breaks, i.e. pðm̂ ¼ m	Þ for m

	 ¼ 0, 1, 2, 3.

4.1. The case with one break

We consider two models, the first involving a break in the slope of the trend only and the second involving a break in both level and
slope. The data are generated by

� Model 1 (a single break in slope only): yt ¼ gDTt + ut,
� Model 2 (a Single break in level and slope): yt ¼ g(2DUt + DTt) + ut

where the break date is set to T 0
1 ¼ T=2, at mid-sample.

Table 2 presents the probability of break selection corresponding to different values of g for Model 1 when h ¼ 0. First, when
a ¼ 0.5 so that the process exhibits only moderate persistence, the procedure selects one break with probability at least 90%
irrespective of the magnitude of break and the sample size. When the degree of persistence increases, the probability of
underestimation increases, at least for small break sizes. This is expected, given that power of the one break test declines as a
approaches 1. The performance of the procedure generally improves as the magnitude of the break increases, mirroring
corresponding increases in the power of the single break test. As expected, the probabilities of selecting a single break increase when
the sample size is increased. The corresponding probabilities when h ¼ 0.5 are reported in Table 3. Here the results are broadly
similar to those for h ¼ 0 except that there is a larger probability of underestimation, especially for small break sizes with T ¼ 120.
This probability, however, diminishes relatively rapidly with increasing break size and/or increasing sample size.
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Table 4 presents results for Model 2 with h ¼ 0. Again, the procedure performs relatively better when a ¼ 0.5, although now
there is a non-negligible probability of overestimation which increases as a increases. This is due to the fact that the tests suffer from
size distortions which become more severe with increases in a and the number of breaks assumed under the null hypothesis. These
size inaccuracies persist for a¼1 and small break sizes even with the two larger sample sizes. However, as with Model 1, the
probabilities of selecting one break are higher relative to those with the smallest sample size. The selection probabilities in Table 5
for h ¼ 0.5 again demonstrate the higher underestimation probability in the presence of a general error structure.

4.2. The case with two breaks

With two breaks the DGPs considered are the following:

� Model 1 (two breaks in slope only): yt ¼ g1DT1t + gDT2t + ut,
� Model 2 (two breaks in level and slope):

yt ¼ g1ðDT1t þ 2DU1tÞ þ gðDT2t þ 2DU2tÞ þ ut:

We set g1 ¼ 1 and report results for a range of values of g. The dates of the breaks are set at T 0
1 ¼ T=3 and T 0

2 ¼ 2T=3.
The results for Model 1 with h¼0 are reported in Table 6. With a ¼ 0.5, the probabilities of selecting the true number of breaks is

close to 90% even with T ¼ 120 and small break sizes. However, in contrast to the one break case, these probabilities are reduced as
a approached 1. This suggests that the power of the one-versus-two breaks test is low relative to that of the zero-versus-one break
test. For a > 0.5, there is also a non-negligible probability of overestimation reflecting the size distortions of the two-versus-three
breaks test. As for the one break case, the selection probabilities for two breaks increase with the sample size.

Table 7 reports corresponding results for Model 2. As in the one break case, there is a substantial probability of overestimation,
especially for values of a close to 1. Noticeably, the probability of underestimation is negligible even for small break sizes and
T ¼ 120. When the sample size increases to T ¼ 240, the probabilities of selecting two breaks increase to about 80–85% for
moderate break sizes when a � 0.95. These probabilities further increase when T is increased to 360. For a ¼ 1, the size distortions
are still in play even for large magnitudes of the breaks and large sample sizes. For both models, the probabilities reported in
Tables 8 and 9 for h ¼ 0.5 can be interpreted in a manner similar to the one break case.

In summary, the performance of the proposed sequential procedure is qualitatively different for Models 1 and 2. For Model 1,
there is a tendency to underestimate the true number of breaks while for Model 2, there is a probability of overestimation. This
difference can be traced to the finite sample properties of the tests for these models with low power being more of an issue
for Model 1 and size distortions being the dominant factor for Model 2. The power problem is alleviated to a considerable
extent for large magnitudes of the breaks while the size distortions in Model 2 remain somewhat of a concern, especially in the
presence of strong persistence in the error component, though these concerns are mitigated for larger sample sizes.
The simulation results point to the importance of the choice of the maximal value of the number of breaks in relation to the
size of the sample available. For example, when testing for two breaks in a sample of size 120, one ends up with fewer than
40 observations per segments. It is then not surprising to see low power and/or size distortions. Hence, practitioners must
exercise caution to allow a sufficient number of observations in each segment and chose the maximum number of breaks
permissible accordingly.

5. CONCLUSION

Testing whether a time series contains a broken trend is complicated by the fact that we do not have a priori knowledge of whether
the noise is stationary or integrated. This has motivated the development of tests that are robust to the extent of persistence in the
error component. These are designed to evaluate the null hypothesis of no structural change versus the alternative of a single
change in trend but do not allow researchers to select the number of changes. Given that selecting the number of breaks is an
important practical issue, we attempted to fill a gap in the literature by proposing a sequential procedure that enables consistent
estimation of the number of breaks. Monte Carlo evidence demonstrated that the procedure works well in samples sizes that are
common in applied work.

APPENDIX

In what follows, W(i)(i ¼ 1,…, l + 1) denotes a set of (l + 1) independent standard Brownian motions on [0,1] and W denotes a
standard Brownian motion on [0,1] that is independent of W(i) for all i. Also, Ki;� ¼ fs : k̂i�1þ ðk̂i � k̂i�1Þ� � s � k̂i � ðk̂i � k̂i�1Þ�g
and K� ¼ fr:1 � � � r � �g for some � > 0. We use ||Æ|| to denote the Euclidean norm, i.e. for a p · q matrix
A; kAk ¼ ð

Pp
i¼1

Pq
j¼1 x2

ij Þ
1=2. Also, we use ||A||1 to denote the vector-induced norm, i.e. ||A|| ¼ sup x 6¼0||Ax||/||x||. We shall also use

the fact that the estimates of the break fractions are consistent for the true break fractions. As shown in Perron and Zhu (2005):
T 3=2ðk̂i � k0

i Þ ¼ Opð1Þ for Model 1 with I(0) errors, Tðk̂i � k0
i Þ ¼ Opð1Þ for Model 2 with I(0) errors, while T 1=2ðk̂i � k0

i Þ ¼ Opð1Þ for
Models 1 and 2 with I(1) errors. Though their proof is for the single-break case, the results continue to hold with multiple breaks (see
Oka and Perron, 2009 for the case of I(0) errors).
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PROOF OF THEOREM 1. Consider first Model 1. Let XðiÞ ¼ fx
ðiÞ
T̂i�1þ1

; ð1� âðiÞS Þx
ðiÞ
T̂i�1þ2

; . . . ; ð1� âðiÞS Þx
ðiÞ
T̂i
g0 with X

ðiÞ
j ðj ¼ 1; 2; 3Þ being the

jth column of X(i). For a given s 2 Ki,�, the Wald test of bðiÞ1 ¼ 0 can be expressed as

WFSðk̂i�1; s; k̂iÞ ¼
½b̂ðiÞ1 �

2ðXðiÞ03 MðiÞX
ðiÞ
3 Þ

s2
i

ð11Þ

with MðiÞ ¼ IðiÞ � ZðiÞðZðiÞ0ZðiÞÞ�1ZðiÞ0; ZðiÞ ¼ ðXðiÞ1 ; X
ðiÞ
2 Þ and s2

i the residual error variance from the feasible GLS regression. Denoting
~UðiÞ ¼ fut � âðiÞS ut�1gT̂i

t¼T̂i�1þ1
, we have, under the null hypothesis of l breaks,

b̂ðiÞ1 ¼
X
ðiÞ0
3 MðiÞ~UðiÞ

X
ðiÞ0
3 MðiÞX

ðiÞ
3

¼ X
ðiÞ0
3

~UðiÞ � X
ðiÞ0
3 ZðiÞðZðiÞ0ZðiÞÞ�1ZðiÞ0~UðiÞ

X
ðiÞ0
3 X

ðiÞ
3 � X

ðiÞ0
3 ZðiÞðZðiÞ0ZðiÞÞ�1ZðiÞ0X

ðiÞ
3

¼

r
ðiÞ
3 � q

ðiÞ
13 q

ðiÞ
23

� � q
ðiÞ
11 q

ðiÞ
12

q
ðiÞ
12 q

ðiÞ
22

 !�1
r
ðiÞ
1

r
ðiÞ
2

 !2
4

3
5

q
ðiÞ
33 � q

ðiÞ
13 q

ðiÞ
23

� � q
ðiÞ
11 q

ðiÞ
12

q
ðiÞ
12 q

ðiÞ
22

 !�1
q
ðiÞ
13

q
ðiÞ
23

 !2
4

3
5

ð12Þ

where

q
ðiÞ
11 ¼ 1þ ðT̂i � T̂i�1 � 1Þð1� âðiÞS Þ

2

q
ðiÞ
12 ¼ 1þ ð1� âðiÞS Þ

2
XT̂i

t¼T̂i�1þ2

ðt � T̂i�1Þ þ âðiÞS ð1� âðiÞS ÞðT̂i � T̂i�1 � 1Þ

q
ðiÞ
13 ¼ ð1� âðiÞS Þ

2
XT̂i

t¼kþ1

ðt � kÞ þ âðiÞS ð1� âðiÞS ÞðT̂i � kÞ

q
ðiÞ
22 ¼ 1þ ð1� âðiÞS Þ

2
XT̂i

t¼T̂i�1þ2

ðt � T̂i�1Þ2 þ ½âðiÞS �
2ðT̂i � T̂i�1 � 1Þ þ 2âðiÞS ð1� âðiÞS Þ

XT̂i

t¼T̂i�1þ2

ðt � T̂i�1Þ

q
ðiÞ
23 ¼ ð1� âðiÞS Þ

2
XT̂i

t¼kþ1

ðt � T̂i�1Þðt � kÞ þ âðiÞS ð1� âðiÞS Þ
XT̂i

t¼kþ1

ðt � T̂i�1Þ þ âðiÞS ð1� âðiÞS Þ
XT̂i

t¼kþ1

ðt � kÞ þ ½âðiÞS �
2ðT̂i � kÞ

q
ðiÞ
33 ¼ ð1� âðiÞS Þ

2
XT̂i

t¼kþ1

ðt � kÞ2 þ ½âðiÞS �
2ðT̂i � kÞ þ 2âðiÞS ð1� âðiÞS Þ

XT̂i

t¼kþ1

ðt � kÞ

r
ðiÞ
1 ¼ uT̂i�1þ1 � âðiÞS uT̂i�1

þ ð1� âðiÞS Þ
XT̂i

t¼T̂i�1þ2

ðut � âðiÞS ut�1Þ

r
ðiÞ
2 ¼ uT̂i�1þ1 � âðiÞS uT̂i�1

þ ð1� âðiÞS Þ
XT̂i

t¼T̂i�1þ2

ðt � T̂i�1Þðut � âðiÞS ut�1Þ þ âðiÞS

XT̂i

t¼T̂i�1þ2

ðut � âðiÞS ut�1Þ

r
ðiÞ
3 ¼ ð1� âðiÞS Þ

XT̂i

t¼kþ1

ðt � kÞðut � âðiÞS ut�1Þ þ âðiÞS

XT̂i

t¼kþ1

ðut � âðiÞS ut�1Þ

Next, we derive the limit of each term separately for |a| < 1 and a ¼ 1.
STATIONARY CASE (|a| < 1). We use the fact that

T�1=2
X½Ts�

t¼1

ðut � âðiÞS ut�1Þ ¼ T�1=2
X½Ts�

t¼1

½ða� âðiÞS Þut�1 þ et�

¼ T�1=2
X½Ts�

t¼1

et � T�1=2½T 1=2ðâðiÞS � aÞ�T�1=2
X½Ts�

t¼1

ut�1

¼ T�1=2
X½Ts�

t¼1

et þ opð1Þ ) rWðsÞ

The convergence results for each of the components are then as follows: T�1q
ðiÞ
11!

p ðk0
i � k0

i�1Þð1 � aÞ2, T�2q
ðiÞ
12!

p

ð1 � aÞ2
R k0

i

k0
i�1

ðs � k0
i�1Þds ¼ ð1 � aÞ2ðk0

i � k0
i�1Þ

2=2, T�2q
ðiÞ
13!

p ð1 � aÞ2ðk0
i � sÞ2, T�3q

ðiÞ
22!

p ð1 � aÞ2ðk0
i � k0

i�1Þ
3=3, T�3q

ðiÞ
23!

p

ð1 � aÞ2
R k0

i

s ðs � k0
i�1Þðs � sÞds, T�3q

ðiÞ
33!

p ð1 � aÞ2
R k0

i

s ðs � sÞ2 ds, T�1=2r
ðiÞ
1 ) ð1 � aÞr½Wðk0

i Þ � Wðk0
i�1Þ�, T�1=2r

ðiÞ
2 ) ð1 � aÞ
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r
R k0

i

k0
i�1

½Wðk0
i Þ � WðsÞd s and T�3=2r

ðiÞ
3 ) ð1 � aÞr

R k0
i

s ½Wðk
0
i Þ � WðsÞ�ds. Using these results in (11) together with the fact that

s2
i !

p
r2 for each i, we obtain

WFSðk̂i�1; s; k̂iÞ )
A2

i

Bi
� niðsÞ

where

Ai ¼
Z k0

i

s
½Wðk0

i Þ �WðsÞ�ds� ð ðk0
i � sÞ2

Z k0
i

s
ðs� k0

i�1Þðs� sÞds Þ

�
ðk0

i � k0
i�1Þ

ðk0
i �k0

i�1Þ
2

2

ðk0
i �k0

i�1Þ
2

2
ðk0

i �k0
i�1Þ

3

3

0
@

1
A
�1 ½Wðk0

i Þ �Wðk0
i�1Þ�R k0

i

k0
i�1

½Wðk0
i Þ �WðsÞ�ds

0
@

1
A

Bi ¼
Z k0

i

s
ðs� sÞ2 ds�

�
ðk0

i � sÞ2
Z k0

i

s
ðs� k0

i�1Þðs� sÞ ds

�

�
ðk0

i � k0
i�1Þ

ðk0
i �k0

i�1Þ
2

2

ðk0
i �k0

i�1Þ
2

2
ðk0

i �k0
i�1Þ

3

3

0
@

1
A
�1

ðk0
i � sÞ2R k0

i

s ðs� k0
i�1Þðs� sÞ ds

 !

Note that the random variables n1,…,nl+1 are independent. This follows since, for si 2 ½k0
i�1; k

0
i �, the processes

Wðk0
1Þ � Wðs1Þ;Wðk0

2Þ � Wðs2Þ; . . . ;Wðk0
lþ1Þ � Wðslþ1Þ are independent. Next, we use the fact that Wðk0

i Þ � WðsÞ has the same
distribution as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0

i � k0
i�1

q
WðiÞð1Þ �WðiÞ

s� k0
i�1

k0
i � k0

i�1

 !" #

for s 2 ½k0
i�1; k

0
i Þ. Then with the change of variable r ¼ ðs � k0

i�1Þ=ðk0
i � k0

i�1Þ, ni(s) has the same distribution as n	i ðrÞ ¼ ½A	i �
2=B	i

where

A	i ¼
Z 1

r

½WðiÞð1Þ �WðiÞðsÞ�ds�
�
ð1� rÞ2

R 1

r sðs� rÞds
�

�
1 1

2
1
2

1
3

 !�1
WðiÞð1ÞR 1

0 ½WðiÞð1Þ �WðiÞðsÞ�ds

 !

B	i ¼
Z 1

r

ðs� rÞ2 ds�
�
ð1� rÞ2

R 1

r sðs� rÞds
�

�
1 1

2
1
2

1
3

 !�1 ð1� rÞ2R 1

r sðs� rÞds

 !

We then obtain

log ðT̂i � T̂i�1Þ�1
X
s2Ki;�

exp
WFSðk̂i�1; s; k̂iÞ

2

 !2
4

3
5) log

Z
r2K�

expðn	i ðrÞÞ
� �

which is the limit distribution of the zero-versus-one break test. Using the independence of n	1; n
	
2; . . . ; n	lþ1; the result follows.

UNIT ROOT CASE (a ¼ 1). Here, we use the fact that TðâðiÞS � 1Þ!p 0. Also, we have

T�1=2
X½Ts�

t¼1

ðut � âðiÞS ut�1Þ ¼ T�1=2
X½Ts�

t¼1

et � T�1½TðâðiÞS � 1Þ�T�1=2
X½Ts�

t¼1

ut�1 ) rWðsÞ:

Then the convergence results for the components in (12) are: q
ðiÞ
11!

p
1, q

ðiÞ
12!

p
1, q

ðiÞ
13!

p
0, T�1q

ðiÞ
22!

p
k0

i � k0
i�1, T�1q

ðiÞ
23 ! k0

i � s,

T�1q
ðiÞ
33!

p
k0

i � s, r
ðiÞ
1 ) limT!1 e½Tk0

i�1�þ1, T�1=2r
ðiÞ
2 ) r½Wðk0

i Þ � Wðk0
i�1Þ� and T�1=2r

ðiÞ
3 ) r½Wðk0

i Þ � WðsÞ�. Again, using these

results in (11) together with the fact that s2
i !

p
r2 for each i, we obtain

WFSðk̂i�1; s; k̂iÞ )
C2

i

Di
� giðsÞ

where

Ci ¼ Wðk0
i Þ �WðsÞ � ðk

0
i � sÞ½Wðk0

i Þ �Wðk0
i�1Þ�

k0
i � k0

i�1

Di ¼
ðk0

i � sÞðs� k0
i�1Þ

k0
i � k0

i�1
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Again, it is straightforward to verify that g1,…,gl+1 are independent. Then, as in Model 1, we use the fact that Wðk0
i Þ � WðsÞ has

the same distribution as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0

i � k0
i�1

q
WðiÞð1Þ �WðiÞ

s� k0
i�1

k0
i � k0

i�1

 !" #

for s 2 ½k0
i�1; k

0
i Þ. With the change of variable r ¼ ðs � k0

i�1Þ=ðk0
i � k0

i�1Þ, gi(s) has the same distribution as

g	i ðrÞ ¼
½WðiÞðrÞ � rWðiÞð1Þ�2

rð1� rÞ :

We thus have

log ðT̂i � T̂i�1Þ�1
X
s2Ki;�

exp
WFSðk̂i�1; s; k̂iÞ

2

 !2
4

3
5) log

Z
r2K�

expðg	i ðrÞÞ
� �

which is the limit distribution of the zero-versus-one break test. Again, the result follows from the independence of
g	1; g

	
2; . . . ; g	lþ1.

Consider now the proof for Model 2. Again, let XðiÞ ¼ fx
ðiÞ
T̂i�1þ1

; ð1 � âðiÞS Þx
ðiÞ
T̂i�1þ2

; . . . ; ð1 � âðiÞS Þx
ðiÞ
T̂i
g0 with X

ðiÞ
j ðj ¼ 1; 2; 3; 4Þ being

the jth column of X(i). For a given s 2 Ki,�, the Wald test for testing lðiÞ1 ¼ bðiÞ1 ¼ 0 can be expressed as

WFSðk̂i�1; s; k̂iÞ ¼ ½ĉðiÞ�
0 ðZðiÞ01 M

ðiÞ
2 Z
ðiÞ
1 Þ½ĉðiÞ�

s2
i

ð13Þ

with ĉðiÞ ¼ ðl̂ðiÞ1 ; b̂
ðiÞ
1 Þ
0; Z
ðiÞ
1 ¼ ðX

ðiÞ
2 ; X

ðiÞ
4 Þ;M

ðiÞ
2 ¼ IðiÞ � Z

ðiÞ
2 ðZ

ðiÞ0
2 Z

ðiÞ
2 Þ
�1Z

ðiÞ0
2 ; Z

ðiÞ
2 ¼ ðX

ðiÞ
1 ; X

ðiÞ
3 Þ and s2

i the residual error variance from the
feasible GLS regression.

STATIONARY CASE (|a| < 1). Using arguments similar to those for Model 1, we have

WFSðk̂i�1; s; k̂iÞ ) F0i ðEiÞ�1Fi � UiðsÞ

where

Ei ¼
k0

i � s
R k0

i

s ðs� sÞdsR k0
i

s ðs� sÞ ds
R k0

i

s ðs� sÞ2 ds

0
@

1
A� k0

i � s
R k0

i

s ðs� sÞds

ðk0
i � sÞ2

R k0
i

s ðs� k0
i�1Þðs� sÞds

0
@

1
A

�
ðk0

i � k0
i�1Þ

ðk0
i �k0

i�1Þ
2

2

ðk0
i �k0

i�1Þ
2

2
ðk0

i �k0
i�1Þ

3

3

0
@

1
A
�1

k0
i � s ðk0

i � sÞ2R k0
i

s ðs� sÞds
R k0

i

s ðs� k0
i�1Þðs� sÞds

 !

Fi ¼
½Wðk0

i Þ �WðsÞ�R k0
i

s ½Wðk
0
i Þ �WðsÞ� ds

 !
�

k0
i � s

R k0
i

s ðs� sÞds

ðk0
i � sÞ2

R k0
i

s ðs� k0
i�1Þðs� sÞ ds

0
@

1
A

�
ðk0

i � k0
i�1Þ

ðk0
i �k0

i�1Þ
2

2

ðk0
i �k0

i�1Þ
2

2
ðk0

i �k0
i�1Þ

3

3

0
@

1
A
�1 ½Wðk0

i Þ �Wðk0
i�1Þ�R k0

i

k0
i�1

½Wðk0
i Þ �WðsÞ� ds

0
@

1
A

Applying the same transformations as in Model 1, Ui(s) has the same distribution as U	i ðrÞ ¼ F	0i ðE	i Þ
�1F	i where

E	i ¼
1� r

R 1

r ðs� rÞdsR 1

r ðs� rÞ
R 1

r ðs� rÞ2 ds

 !
�

1� r
R 1

r ðs� rÞds

ð1� rÞ2
R 1

r sðs� rÞ ds

 !

�
1 1

2
1
2

1
3

 !�1
1� r ð1� rÞ2R 1

r ðs� rÞds
R 1

r sðs� rÞds

 !

F	i ¼
½WðiÞð1Þ �WðiÞðrÞ�R 1

r ½W
ðiÞ ð1Þ �W

ðiÞ ðsÞ�ds

 !
�

1� r
R 1

r ðs� rÞds

ð1� rÞ2
R 1

r sðs� rÞds

 !

�
1 1

2
1
2

1
3

 !�1
WðiÞð1ÞR 1

0 ½WðiÞð1Þ �WðiÞðsÞ�ds

 !

which is the limit distribution of the zero-versus-one break test in a model that allows for a break in intercept as well as the slope.
Using the independence of U	1; . . . ;U	lþ1, the result follows.

Unit Root Case (a ¼ 1). Derivations similar to those used for Model 1 yield
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WFSðk̂i�1; s; k̂iÞ )
limT!1 e½Ts�þ1


 �2

r2
þ ðk0

i � k0
i�1Þ

ðk0
i � sÞðs� k0

i�1Þ

� Wðk0
i Þ �WðsÞ � ðk

0
i � sÞ½Wðk0

i Þ �Wðk0
i�1Þ�

ðk0
i � k0

i�1Þ

" #2

:

ð14Þ

Under the assumption that et is i.i.d. normal, for s 2 Ki,�, e[Ts]+1 is asymptotically independent of both T�1=2
PT0

i
t¼½Ts�þ1

et and
T�1=2

PT0
i

t¼
T0

i�1
þ1

et so that the the first and second terms in (14) are independent. Then using the same variable and distribution

transformations as in Model 1 and the fact that lim T!1e[Ts]+1 has the same distribution as

lim
T!1

e
Tðs�k0

i�1
Þ

k0
i
�k0

i�1

� �
þ1

;

the result of the theorem follows from the independence of the tests over the (l + 1) regimes.

PROOF OF THEOREM 3. We will prove the theorem for Model 1. The proof for Model 2 is similar and hence omitted. As in the proof of
Theorem 1, we analyze the stationary and unit root cases separately.

STATIONARY CASE (|a| < 1). Let zt ¼ (Dut�1,Dut�2,…,Dut�kT
)
0
, bt ¼

P
j>kT

Dut�ja
	
j and 1 ¼ ða	1; a	2; . . . ; a	kT

Þ0. Here we have

T�1=2
X½Ts�

t¼1

ðut � âðiÞS ut�1Þ ¼ T�1=2
X½Ts�

t¼1

fða� âðiÞS Þut�1 þ z0t1þ bt þ etg

¼ T�1=2
X½Ts�

t¼1

et � T�1=2½T 1=2ðâðiÞS � aÞ�T�1=2
XTs½ �

t¼1

ut�1

þ T�1=2
X½Ts�

t¼1

z0t

( )
1þ T�1=2

X½Ts�

t¼1

bt:

ð15Þ

As in the AR(1) case, the second term in (15) is op(1). For the third term, note that

T�1=2
X½Ts�

t¼1

z0t

�����
����� ¼ Opðk1=2

T T�1=2Þ ¼ opð1Þ:

The last term in (15) is

T�1=2
X½Ts�

t¼1

X
j>kT

Dut�ja
	
j ¼ T�1=2

X
j>kT

a	j
X½Ts�

t¼1

Dut�j � T�1=2
X
j>kT

a	j




 


 X½Ts�

t¼1

Dut�j

�����
�����

¼ opðk�1
T T�1=2Þ ¼ opð1Þ;

where we use the fact that k
P½Ts�

t¼1 Dut�jk ¼ Opð1Þ uniformly over j and s. We thus have

T�1=2
X½Ts�

t¼1

ðut � âðiÞS ut�1Þ ¼ T�1=2
X½Ts�

t¼1

et þ opð1Þ

) rWðsÞ:

The result of the theorem then follows if ĥ
ðiÞ
v !

p
r2 for each i. Now, let ft ¼ z0t1 þ bt þ et ¼

P1
j¼1 Dut�ja

	
j þ et ¼ FðLÞet; where

FðLÞ ¼ 1 þ ð1 � aLÞ�1ð1 � LÞdðLÞ
P1

j¼1 a	j Lj . Then (2p times) the spectral density function of ft at the zero frequency is

hf ¼ Fð1Þ2r2 ¼ r2; ð16Þ

since F(1) ¼ 1. Thus, we have that

ðT̂i � T̂i�1Þ�1
XT̂i

t¼T̂i�1þ1

f 2
t þ ðT̂i � T̂i�1Þ�1

XT̂i�T̂i�1�1

j¼1

wðj=lTÞ
XT̂i

t¼T̂i�1þjþ1

ft ft�j ¼ r2 þ opð1Þ: ð17Þ

Next, we write

v̂
ðiÞ
t ¼ yt � âðiÞS yt�1 � ðxðiÞt � âðiÞS xt�1Þ0ŴðiÞ

¼
n

D�1
1T ðx

ðiÞ
t � âðiÞS x

ðiÞ
t�1Þ

o0
D1TðWðiÞ � ŴðiÞÞ

o
þ ða� âðiÞS Þut�1 þ ft

n
where D1T ¼ diag(T1/2,T3/2,T3/2). We then have, for s � 0,

M. KEJRIWAL AND P. PERRON

wileyonlinelibrary.com/journal/jtsa Copyright � 2010 Blackwell Publishing Ltd. J. Time Ser. Anal. 2010, 31 305–328

3
2

4



T�1
XT̂i

t¼T̂i�1þsþ1

v̂
ðiÞ
t v̂
ðiÞ
t�s ¼ T�1

XT̂i

t¼T̂i�1þsþ1

ft ft�s þ
X5

g¼1

Sg; ðsayÞ

We now consider each of the terms S1, … ,S5 in turn.
S1:

S1 ¼ T�1
�

D1TðWðiÞ � ŴðiÞÞ
�0

D�1
1T

XT̂i

t¼T̂i�1þsþ1

ðxðiÞt � âðiÞS x
ðiÞ
t�1Þðx

ðiÞ
t�s � âðiÞS x

ðiÞ
t�s�1Þ

0D�1
1T

8<
:

9=
;�D1TðWðiÞ � ŴðiÞÞg

Note that kD1TðWðiÞ � ŴðiÞÞk ¼ Opð1Þ, kD�1
1T

PT̂i

t¼T̂i�1þsþ1
ðxðiÞt � âðiÞS x

ðiÞ
t�1Þðx

ðiÞ
t�s � âðiÞS x

ðiÞ
t�s�1Þ

0D�1
1T k ¼ Opð1Þ. Thus, S1 ¼ Op(T�1).

S2:

S2 ¼ T�1
XT̂i

t¼T̂i�1þsþ1

ftðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

�
D1TðWðiÞ � ŴðiÞÞ

�

þ T�1fD1TðWðiÞ � ŴðiÞÞg0D�1
1T

XT̂i

t¼T̂i�1þsþ1

ðxðiÞt � âðiÞS x
ðiÞ
t�1Þft�s:

Note that

XT̂i

t¼T̂i�1þsþ1

ftðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������ � 10

XT̂i

t¼T̂i�1þsþ1

ztðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������

þ
XT̂i

t¼T̂i�1þsþ1

btðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������þ

XT̂i

t¼T̂i�1þsþ1

etðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������;

where

10
XT̂i

t¼T̂i�1þsþ1

ztðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������ ¼Opðk1=2

T T�1=2Þ

XT̂i

t¼T̂i�1þsþ1

btðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������ �

X
j>kT

a	j




 


 XT̂i

t¼T̂i�1þsþ1

Dut�jðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������

¼ opðk�1
T ÞOpðT�1=2Þ

XT̂i

t¼T̂i�1þsþ1

etðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

������
������ ¼ Opð1Þ:

The first term in S2 is thus Op(T�1). Similar arguments can be used to show the second term in S2 is also Op(T�1).
S3:

S3 ¼ ða� âðiÞS Þ T�1
XT̂i

t¼T̂i�1þsþ1

ut�1ðxðiÞt�s � âðiÞS x
ðiÞ
t�s�1Þ

0D�1
1T

8<
:

9=
;D1TðWðiÞ � ŴðiÞÞ

þ ða� âðiÞS Þ T�1
XT̂i

t¼T̂i�1þsþ1

ut�s�1ðxðiÞt � âðiÞS x
ðiÞ
t�1Þ

0D�1
1T

8<
:

9=
;D1TðWðiÞ � ŴðiÞÞ:

Note that
PT̂i

t¼T̂i�1þsþ1
ut�1ðxðiÞt�s � âðiÞS x

ðiÞ
t�s�1Þ

0D�1
1T

��� ��� ¼ Opð1Þ and a � âðiÞS ¼ OpðT�1=2Þ. Thus, the first term in S3 is Op(T�3/2).
Similarly, the second term in S3 is also Op(T�3/2).

S4:

S4 ¼ ða� âðiÞS Þ
2T�1

XT̂i

t¼T̂i�1þsþ1

ut�1ut�s�1:
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Since
��T�1

PT̂i

t¼T̂i�1þsþ1
ut�1ut�s�1

�� ¼ Opð1Þ, it follows that S4 ¼ Op(T�1).

S5:

S5 ¼ ða� âðiÞS ÞT�1
XT̂i

t¼T̂i�1þsþ1

ut�s�1ft þ ða� âðiÞS ÞT�1
XT̂i

t¼T̂i�1þsþ1

ut�1ft�s:

Here, we have

T�1
XT̂i

t¼T̂i�1þsþ1

ut�s�1ft

������
������ �

X1
j¼1

a	j




 


 T�1
XT̂i

t¼T̂i�1þsþ1

ut�s�1Dut�j

������
������þ T�1

XT̂i

t¼T̂i�1þsþ1

ut�s�1et

������
������

¼ Opð1Þ þ OpðT�1=2Þ ¼ Opð1Þ:

so that the first term in S5 is Op(T�1/2). That the second term in S5 is also Op(T�1/2) follows in an analogous manner.
Hence, combining the results for terms S1–S5, using (17) and the fact that l�1

T

PT�1
j¼1 jwðj=lTÞj !

R1
0 jwðsÞjds, we have

ĥðiÞv ¼ ðT̂i � T̂i�1Þ�1
XT̂i

t¼T̂i�1þ1

v̂
ðiÞ
t

n o2

þðT̂i � T̂i�1Þ�1
XT̂i�T̂i�1�1

j¼1

wðj=lTÞ
XT̂i

t¼T̂i�1þjþ1

v̂
ðiÞ
t v̂
ðiÞ
t�j

¼ r2 þ opð1Þ:

This proves the theorem for the I(0) case.
UNIT ROOT CASE (a ¼ 1). Note that in this case

T�1=2
X½Ts�

t¼1

ðut � âðiÞS ut�1Þ ¼ ð1� âðiÞS ÞT�1=2
X½Ts�

t¼1

ut�1 þ T�1=2
X½Ts�

t¼1

vt

¼ ½Tð1� âðiÞS Þ�½T�3=2
X½Ts�

t¼1

ut�1� þ T�1=2
X½Ts�

t¼1

vt

ð18Þ

with vt ¼ Dut. Now since 1 � âðiÞS ¼ opðT�1Þ, T�3=2
P½Ts�

t¼1 ut�1 ¼ Opð1Þ, the first term in (18) is op(1). For the second term, note that

1(L)vt ¼ et, where 1ðLÞ ¼ ð1 �
P1

j¼1 a	j LjÞ. We thus have T�1=2
P½Ts�

t¼1 vt ) hv WðsÞ, where hv ¼ r2/1(1)2. Again, it suffices to show that

ĥ
ðiÞ
v ¼ fr̂ðiÞekg

2=f1̂ðiÞð1Þg2 is a consistent estimate of hv.

Let D2T ¼ diag(1,T1/2,T1/2), gt ¼ (vt�1,…,vt�kT
)
0
, ĝðiÞt ¼ ðv̂

ðiÞ
t�1; . . . ; v̂

ðiÞ
t�kT
Þ0 and 1̂ðiÞ ¼ ð1̂ðiÞ1 ; . . . ; 1̂ðiÞkT

Þ0. Then we can write

v̂
ðiÞ
t ¼ ĝðiÞ0t 1̂ðiÞ þ ~e

ðiÞ
tk . Note that

v̂
ðiÞ
t ¼ fD�1

2T ðx
ðiÞ
t � âðiÞS x

ðiÞ
t�1Þg

0fD2TðWðiÞ � ŴðiÞÞg þ ð1� âðiÞS Þut�1 þ vt:

Next, it is straightforward to verify that, uniformly in j 2 [0, kT],

T�1
XT̂i

t¼T̂i�1þjþ1

v̂
ðiÞ
t v̂
ðiÞ
t�j ¼ T�1

XT̂i

t¼T̂i�1þjþ1

vtvt�j þ OpðT�1Þ:

This implies that

T�1
XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt v̂
ðiÞ
t ¼ T�1

XT̂i

t¼T̂i�1þkTþ1

gt vt þ Opðk1=2
T T�1Þ

and

T�1
XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt ĝðiÞ0t ¼ T�1
XT̂i

t¼T̂i�1þkTþ1

gtg
0
t þ OpðkT T�1Þ:

Now, let

n ¼ T�1
XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt ĝðiÞ0t

2
4

3
5
�1

� T�1
XT̂i

t¼T̂i�1þkTþ1

gtg
0
t

2
4

3
5
�1������
������

and n1 ¼ T�1
PT̂i

t¼T̂i�1þkTþ1
gtg
0
t

h i�1
����

����
1

. Then, observe that

n � fnþ n1g T�1
XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt ĝðiÞ0t � T�1
XT̂i

t¼T̂i�1þkTþ1

gtg
0
t

������
������n1:
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From Lemma 3.2(a) in Chang and Park (2002), it follows that n1 ¼ Op(1). Thus, we get

n � Opð1ÞOpðkT T�1Þ
1� OpðkT T�1Þ ¼ OpðkT T�1Þ

Next, we have

1̂ðiÞ ¼
XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt ĝðiÞ0t

2
4

3
5
�1 XT̂i

t¼T̂i�1þkTþ1

ĝðiÞt v̂
ðiÞ
t

so that

1̂ðiÞ � 1
�� �� � ðnÞ T�1

XT̂i

t¼T̂i�1þkTþ1

gtg
0
t

������
������

1

1k k

þ ðnþ n1Þ T�1
XT̂i

t¼T̂i�1þkTþ1

gt

X
j>kT

vt�ja
	
j

������
������þ T�1

XT̂i

t¼T̂i�1þkTþ1

gt et

������
������

2
4

3
5þ Opðk1=2

T T�1Þ

¼ OpðkT T�1ÞOpð1Þ þ ½OpðkT T�1Þ þ Opð1Þ�½opðk�1=2
T Þ þ Opðk1=2

T T�1=2Þ� þ Opðk1=2
T T�1Þ

¼ opðk�1=2
T Þ:

ð19Þ

Next, denoting i as the (kT · 1) vector of ones and using the result in (19), we have

i0ð1̂ðiÞ � 1Þ � ki0kk1̂ðiÞ � 1k ¼ Oðk1=2
T Þopðk�1=2

T Þ ¼ opð1Þ:

We therefore get 1̂ðiÞð1Þ2!p 1ð1Þ2.
Finally, the fact that fr̂ðiÞekg

2 is a consistent estimate of r2 follows using steps similar to those employed above for showing the
consistency of 1̂ðiÞð1Þ2 for 1(1)2. The details are omitted to conserve space.
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